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Abstract

In this work, we deal with the triharmonic wave equations. We established blow up solution
with negative initial energy under suitable conditions on variable exponents.
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1. INTRODUCTION

1.1 Setting of the problem:

In this paper, we consider the following the initial-boundary value problem equations with
variable exponents

Upe = Aot + U + alu PO 2u, = blul1072, 0 X (0,),
u(x,t) = Au(x, t) = A%u(x,t) =0, 00 x (0, =), (1)
u(xl 0) = u()(X), ut(xl 0) = ul(x); 'Q

3

The m(x) —triharmonic 4;,,

) Is the nonlinear differential operator defined by
A3 ot = div (A(lVAu|m(.)—z VAu)), for all u € W3 mO(Q)

and m(-), p(-) and q(-) satisfy the log-Holder continuity condition:
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A
nlx-y|’

lp(x) —pW)| < — forall x,y € 0,with |x —y| <, (2)

where 0 <6 <1 and 4> 0.

The exponents m(:), p(-) and q(-) are measurable functions on 2 satisfiying

2 < max{py, g2} <my <m(x) <m; < q.(x), (3)
with

my = ess infreom(x), My = ess supxeq m (%),
p1 = essinfreqp (x), p; = ess supyen p (1),
q1 = essinfren q (), qz = €SS SUpxen q (%),

and
nq(x) .
ifg, <n,
q-(x) = { ess supyen(n — q(x)) *
+00 ifg, = n.

1.2 Literature Overview:

Ge et al. [17] investigated the following equation:
A(1AuP®=24u) = AV (x) (Ju|1™~2y).

They demonstrated the existence of a continuous family of eigenvalues, considering various
cases of growth rates involved in the problem.

Liu [21] discussed the initial boundary value problem for a p(x) —fourth-order parabolic
equation with nonstandard growth conditions

up + 42 pu = [u| 192y,

He establish the local existence of weak solutions and derive the finite time blow up of
solutions with non-positive initial energy.

Messaoudi et al. [24] investigate the following problem

Uy — div(|Vul"O72ru) + Ju, ™02y, = 0.

Under suitable assumptions on the initial value, decay estimate was proved by using a
lemma

by Komornik.
Ferreira et al. [14] studied a nonlinear Petrovsky equation with a strong damping and the



Finite Time Blow up in a Triharmonic Nonlinear Wave Model with Variable Damping
N. Yilmaz, E. Piskin. Tilirkiye Mathematical Sciences, 2025

p(x)-biharmonic term as follows
U + A2 U — div(|7ul"O72vu) + |u | ™O2u, = f(x, t,up).

They used the the Faedo-Galerkin method to establish the existence of weak solution.
Belakhdar et al. [6] study the properties of the eigenvalue of the p(x)-triharmonic problem

— A3 oyu = AV, () (Jul 1D "2y),

under adequate conditions on the exponent functions p,q and the weight function V;.
In [22], Messaoudi and Talahmeh studied the following nonlinear wave equations with
variable exponents

Uy — div(|Vul"O72ru) + alu ™0 2u, = bluP® 2w,

They obtained the blow up of solutions with negative initial energy. Also, Messaoudi et al.
[23] proved the existence and stability of solutions the same system.

In [34], Yilmaz and Piskin studied the delayed m-Laplacian wave equation
Zey — Az + 2 + |2, [PO 722, + oz, (x, € — D) |2, |PO2(x, ¢t — 1) = 22|90 72 Inz|*.

Recently, problems with variable exponents have been handled carefully in several papers,
some results relating the local existence, global existence, blow up and stability. Problems
involving variable exponents arise in various branches of science, including image
processing, electrorheological fluids, and nonlinear elasticity theory [20, 34]. Furthermore,
a substantial body of research concerning the theory of partial differential equations within
this framework can be found in [4, 5, 7, 8, 10, 11, 13, 15, 16, 20, 26, 27, 28, 29, 30, 31, 35,
36].

Blow up phenomena commonly arise in solutions to nonlinear partial differential equations
of various types. A recent comprehensive overview of these methods can be found in the
monograph by Al'shin et al. [2], Hu [19] and Piskin [25].

Motivated by the above studies, we proved to blow up the variable-exponent triharmonic
Klein-Gordon wave equations. The rest of our work is organized as follows: In section 2, we
give some lemmas and theorem. In section 3, we state and prove our main result.

2. PRELIMINARIES

We introduce in this part some preliminary informations about the Lebesgue spaces and
Sobolev spaces with variable exponents [1, 9, 12, 32].

Let g: — [1, 0] be a measurable function, where 2 is a domain of R™ We define the
variable exponent Lebesgue space by

LI(Q) = {u : 2 > R; umeasurable in 0 : g4¢y(Au) < oo, for some A > 0},
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where

1
0q¢y (W) = f mhl(xﬂq(x) dx

0]

is a modular. Equipped with the following Luxembourg-type norm

IIuIIq(.) = mf{A >0 :j
0

L99(Q) is a Banach space.

Next, we define the variable-exponent Sobolev space W™P()(2) as

wmaO@Q) = {u e L19@@@) : D e L19(Q), |a| < m}.

Lemma 1. [9] Let 2 c R™ be a bounded domain and suppose that q(-) satisfies (20), then
lullgey < ClIVullgy, forallu € Wol’q(')(.(l),

where C = C(qq,qz, ) > 0. In particular, ||Vullg.) defines an equivalent norm on
]/Vol’q(’)(ﬂ).

Similar to the Lemma above, the following inequality can be written for u € Wog'q(') )
||u||q(.) < C|||7Au||q(.).

Lemma 2. [9] If m(-) € C(ﬁ) and r : 2 - [1,0) isa measurable function such that

nm(x) . <
ifm, <n,
ess infreg(m*(x) —r(x)) > 0 withm*(x) = {ess supxqa(n —mx)) g
o ifm, > n.

Then the embedding Wol’m(') () o L") is continuous and compact.

Lemma 3. [9] Let p, q, s = 1 are measurable functions defined on () such that

1 1

1
) :p(l)+q(l)’ for a.e. [ € Q.

If welPY@) and L1O(0Q), then uv € LSO(Q), with

luvllscy < 2[ullpoyllvilge-
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Lemma 4. [9] If q is a measurable function on {2 satisfying (25), then we have
in  ulldty iy § < 0qo@) < NllZgy, lulld
min ity gy § = @q() W) = max ity .y, Mg g

forany u € L1O().

The proof of the following proposition can be established employing the Galerkin method as
in the work of Antontsev [3].

Theorem 5. Let u, € Wos'm(')(.(l), u; € L2(2) and assume that the exponents m,p,q
satisfy conditions (25) and (20). Then problem (10) has a unique weak solution such that

(U. € L® ((0’ T), M/OB,m(') (.Q)),
u, € L*((0,T), L2(12)),
Ut € Loo ((0' T)’ Vl/()_glm,(.) (*Q)) )

where L+—=1.
m. .

3. BLOW UP

In this section we aim to prove Theorem 13. Therefore we first introduce the corresponding
energy functional

TP L g4l d — b [ [y aG
E(t) 2fnlutl dx + [, |V Au| dx bfﬂq(x)lul dx. (4)

m(x)

Lemma 6. Suppose the conditions of Lemma 2 hold. Then, there exists a constant C > 1,
which depends on {2 only, such that

S

0% @) < € (I7Aulit, + eq @) (5)

forany u € W03’m(') (2) and m; < s < q;.
Proof of Lemma 6. If g,)(u) > 1, we deduce that

S

ol (W) < 0qy(w) < € (VAU + 0q(y(W))

On the other hand, if g4¢)(u) <1, then Lemma 3 ensures, |lull;.) < 1. Making use of
Lemmas 2 and 4, we arrive at
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S m1

myq
ot (W) < 0 (W) < [max{llull& ), Il }® < Il < clvauling,

where C > 1. Asaresult, (5) is established. |
As a particular case, we obtain the following lemmas.

Lemma 7. Under the assumptions of Lemma 6, we have

llullg, < c(IvAullm: + llulid:) (6)
forany u € W2™(2) an m; <s < q;.

Now, we let

H() = -E(),

where C a positive constant. Combination of (4) and (5) leads to the following.

Lemma 8. Under the assumptions of Lemma 6, we have

S

0%ty @) < € (IHO] + luell3 + 2q0y W), (7)
forany u € W03m()(.(2) and my <s < q;.

Lemma 9. Under the assumptions of Lemma 6, we have
lully, < COIH® 4+ llull3 + llulld) (8)
forany u € W03’m(') (2) and m; < s < q;.

Lemma 10. Assume that (2) and (3) hold and E(0) < 0. Then the solution of (10)
satisfies, for some ¢ > Q,

0q0y (@) = cllullg:. (9)

Lemma 11 Suppose that (3) holds and let u be the solution of (10). Then,

(Qp(-)(u))z_i)- (10)

Lemma 12. Le u be the solution of (1). Then there exists a constant c; > 0 such that

p1

[lulP® dx < ((ero(u))“ ¥
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Proof of Lemma 12. Assume, for the sake of contradiction, that there exists a sequence
ty  such that

IVAuC, ti) ||y = 0as k — oo,

By employing Lemmas 2 and 4, we deduce that
0r()(,tx) = 0ask — oo,

Consequently,

E(ty) =0

which conflicts with the assertion that E(t;) <0, VvVt = 0.
Now we state our main result.

Theorem 13. Let the assumptions of Theorem 5 be satisfied and assume that

E(0) < 0. (12)
Then the solution of (1) blows up in finite time.

Proof of Theorem 13. We multiply (1) by u, and integrate over the domain 2 to
obtain

E'(t) = —a [ luc(x, )|7® dx < 0 (13)
fora.e. t €[0,T), since E(t) isan absolutely continuous function [17];

hence, H'(t) =0 and

0<H()<H(t) < %Qq(.) (u), (14)

forall t in [0,T), by taking into account (12). We define

W(t) = H*(t) + & [ uu(x, t) dx, (15)
for & small to be chosen later and

. (q1—2 q1-D2
0<a<min {T%'m} (16)

We differentiate (15) and use the equation in (1) to arrive at
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P'(t)=0—-a)H *(t)H'(t) + ef |ue|? dx — ef |V Au|™® dx + ebflulq(") dx
0 ) 0

—&a fﬂulutlp(")_zut dx. (17)
Applying the definition of H(t), it can be inferred that

& 1 — £ 1 —
e -magh© =D [y par [ LD gm0 gy
n 0

—be(l =y [, 7o5 [ul*® dx,

where 0 <7 < 1. Adding and subtracting —&(1 —n)q;H(t) from the right-hand side of
(17), we get

W(e) = (1 — )H “(O)H'(£) + £(1 — m)q H(E) + ¢ (1 + %)} |, |? dx
0
m_ m(x) ()
+s< o 1).L||7Au| dx+sb77fﬂ|u|q dx

- safulutlp(")‘zut dx. (18)
o)
Then, for 1 small enough, we have

V(©) = (1= H “OH'(©) + o6 [H(t) [ el ax o+ [ 1ulo® ax + [ aupe dx]
0 0 0

- sfulutlp(")_zut dx, (19)
Q
where
1- 1-—
= min{ (1 —n)qy, bn, 1+( ")‘h,( 77)ql—1 > 0.
B m)q1, bn
2 m,

To estimate the last term in (19), we use the Young inequality, we have
1 py—1 _p@)

fn|ut|p(x)—1|u| dx < p_(gp(x)|u|p(x) + ;_fﬂ b p(x)—1|ut|p(x) dx, (20)
1 2

where & > 0 is constants depending on the time t and specified later. Let us choose &
so that

_ px)
5 P-1 = kH~%(¢),
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for alarge constant k to be specified later, and substituting in (20), we get
S lue PO Hul dx < — f kP @y PO RO (1) dx + 22— kH *(OH' (). (21)
Combining (19) and (20) gives

P2 —

y'(t) = [(1 —a)— e(
skl‘pla

P1

)k]H YOH' (1) + B [H(t)+fIutlzdx+f|l7Au|m(x)dxl

CH*P2=1(¢) f |u[P™ dx. (22)
2

By using (14) and Lemma 11, we have

p1

(Qr(') (u))a+a(p2— ) (Qr()(u)) +a(p2 1):|. (23)

We then use (16) and Lemma 6, for

Ha(pz—l)(t) fﬂ|u|p(x) dx < C,

s=pitaqg(p—1<q, and s=p,+aq(p,—1) <qy,

to do deduce, from (23), that
He@2=D(6) [ [ulP® dx < C[I7Aullint) + 0q0) )], (24)

By exploiting Lemmas 4 and 12, we get

Omy (VAW = ¢V AU (25)
Combining (22), (24) and (25) leads to
W) > [(1 - a) _ P k]H “(OH' ()

+e ) [H®) + 1l + 0mey (AU + 0q¢y w)]- (26)

Now, we select k solargethat y =pf — ak;iC > 0.
1

Once k ischosen (hence y), weselect ¢ sosmall that

-1
(1—0{)—£q2 k>0
qz

and
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w(0) = H-*(0) + ¢ f o ()11 () dx > 0.
n

Hence (26) takes the form

P (t) = ye[H©) + lluell? + emey (VAW + 0y (W] = ve[H©) + lluell® + llulld], (27)
by virtue of (9). Consequently, we get

Y(t)=%(0)>0forallt >0.

Next, we want to obtain an inequality of the form

v'(t) = E‘Pﬁ(t), forallt > 0, (28)

fora & = (ey, C) >0, (here C is the constant of Lemma 7). Once (28) is proved, one can
obtain, in a standard way, the finite-time blowup of the functional ¥ (t).
To prove (28), we first note that

f uu; dx
0

which implies

< llullzlluellz < Cllullg, lluellz,

1

1

a = 1
< ClullT e, el ™.

f uu,dx
0

Young's inequality gives

1 . 6
[ e [ < € [l e l7s 29)

=1. Wetake 6 =2(1-a), toget —= 2 < p1, by (23).

+
1-a 1-2a

for

TR
D+

Therefore (29), becomes
1

1-a
S C[”ullé(p1+2) + ”ut”Z].

f uu; dx
0

2
where s = <n.
1-2a

By recalling Lemma 8, we have
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1
| [, wue dx|=2 < C[H@®) + llullp} + Il l?], (30)

forall t>=0. Thus,
1
-«

1
Pi-a(t) =

H¥7%(t) + ef

1-a 1
Ul dxl < 21-a |H(t) +
0

j uu; dx
0

< C[H® + luel? + omy (V4w + o)),

and combine with (27) and (30), the inequality (28) is established.
This completes the proof. B
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