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1. INTRODUCTION 

1.1 Setting of the problem: 

In this paper, we consider the following the initial-boundary value problem equations with 
variable exponents 

ቐ

𝑢௧௧ − 𝛥௠(௫)
ଷ 𝑢 + 𝑢௧ + 𝑎|𝑢௧|௣(⋅)ିଶ𝑢௧ = 𝑏|𝑢|௤(⋅)ିଶ𝑢, 𝛺 × (0,∞),

𝑢(𝑥, 𝑡) = 𝛥𝑢(𝑥, 𝑡) = 𝛥ଶ𝑢(𝑥, 𝑡) = 0,                          𝜕𝛺 × (0,∞),

𝑢(𝑥, 0) = 𝑢଴(𝑥), 𝑢௧(𝑥, 0) = 𝑢ଵ(𝑥),                           𝛺.

                        (1) 

    
The 𝑚(𝑥) −triharmonic 𝛥௠(௫)

ଷ  is the nonlinear differential operator defined by 
 

𝛥௠(௫)
ଷ 𝑢 = 𝑑𝑖𝑣 ቀ𝛥൫|𝛻𝛥𝑢|௠(⋅)ିଶ𝛻𝛥𝑢൯ቁ , for all 𝑢 ∈ 𝑊ଷ, ௠(⋅)(𝛺) 

 
and 𝑚(⋅),  𝑝(⋅) and 𝑞(⋅) satisfy the log-Hölder continuity condition: 
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|𝑝(𝑥) − 𝑝(𝑦)| ≤ −
஺

௟௡|௫ି௬|
, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝛺, 𝑤𝑖𝑡ℎ |𝑥 − 𝑦| < 𝛿,                    (2) 

 
where 0 < 𝛿 < 1 and 𝐴 > 0.  
 
The exponents 𝑚(⋅), 𝑝(⋅) and 𝑞(⋅) are measurable functions on 𝛺 satisfiying 
 
2 ≤ 𝑚𝑎𝑥{𝑝ଵ, 𝑞ଶ} < 𝑚ଵ ≤ 𝑚(𝑥) ≤ 𝑚ଶ ≤ 𝑞∗(𝑥),                              (3) 
 
with 
 

ቐ

𝑚ଵ = 𝑒𝑠𝑠 𝑖𝑛𝑓௫∈ఆ 𝑚 (𝑥), 𝑚ଶ = 𝑒𝑠𝑠 𝑠𝑢𝑝௫∈ఆ 𝑚 (𝑥),

𝑝ଵ = 𝑒𝑠𝑠 𝑖𝑛𝑓௫∈ఆ 𝑝 (𝑥), 𝑝ଶ = 𝑒𝑠𝑠 𝑠𝑢𝑝௫∈ఆ 𝑝 (𝑥),

𝑞ଵ = 𝑒𝑠𝑠 𝑖𝑛𝑓௫∈ఆ 𝑞 (𝑥), 𝑞ଶ = 𝑒𝑠𝑠 𝑠𝑢𝑝௫∈ఆ 𝑞 (𝑥),

 

 
and 

𝑞∗(𝑥) = ቐ

𝑛𝑞(𝑥)

𝑒𝑠𝑠 𝑠𝑢𝑝௫∈ఆ൫𝑛 − 𝑞(𝑥)൯
if 𝑞ଶ < 𝑛,

+∞ if 𝑞ଶ ≥ 𝑛.

 

 
1.2 Literature Overview: 
 
Ge et al. [17] investigated the following equation:  
 
𝛥൫|𝛥𝑢|௣(௫)ିଶ𝛥𝑢൯ = 𝜆𝑉(𝑥)൫|𝑢|௤(௫)ିଶ𝑢൯. 
 
They demonstrated the existence of a continuous family of eigenvalues, considering various 
cases of growth rates involved in the problem. 
 
Liu [21] discussed the initial boundary value problem for a 𝑝(𝑥) −fourth-order parabolic 
equation with nonstandard growth conditions 
  
𝑢௧ + 𝛥௣(௫)

ଶ 𝑢 = |𝑢|௤(௫)ିଶ𝑢. 
 
He establish the local existence of weak solutions and derive the finite time blow up of 
solutions with non-positive initial energy. 
 
Messaoudi et al. [24] investigate the following problem  
 
𝑢௧௧ − 𝑑𝑖𝑣൫|𝛻𝑢|௥(⋅)ିଶ𝛻𝑢൯ + |𝑢௧|௠(⋅)ିଶ𝑢௧ = 0. 
 
Under suitable assumptions on the initial value, decay estimate was proved by using a 
lemma  
by Komornik. 
Ferreira et al. [14] studied a nonlinear Petrovsky equation with a strong damping and the  
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𝑝(𝑥)-biharmonic term as follows 
 
𝑢௧௧ + 𝛥௣(௫)

ଶ 𝑢 − 𝑑𝑖𝑣൫|𝛻𝑢|௥(⋅)ିଶ𝛻𝑢൯ + |𝑢௧|௠(⋅)ିଶ𝑢௧ = 𝑓(𝑥, 𝑡, 𝑢௧). 
 
They used the the Faedo-Galerkin method to establish the existence of weak solution. 
Belakhdar et al. [6] study the properties of the eigenvalue of the 𝑝(𝑥)-triharmonic problem 
 
−𝛥௣(௫)

ଷ 𝑢 = 𝜆𝑉ଵ(𝑥)൫|𝑢|௤(௫)ିଶ𝑢൯, 
 
under adequate conditions on the exponent functions 𝑝, 𝑞 and the weight function 𝑉ଵ. 
In [22], Messaoudi and Talahmeh studied the following nonlinear wave equations with 
variable exponents 
 
𝑢௧௧ − 𝑑𝑖𝑣൫|𝛻𝑢|௥(⋅)ିଶ𝛻𝑢൯ + 𝑎|𝑢௧|௠(⋅)ିଶ𝑢௧ = 𝑏|𝑢|௣(௫)ିଶ𝑢. 
 
They obtained the blow up of solutions with negative initial energy. Also, Messaoudi et al. 
[23] proved the existence and stability of solutions the same system. 
 
In [34], Yılmaz and Pişkin studied the delayed 𝑚-Laplacian wave equation 
 
𝑧௧௧ − 𝛥௠𝑧 + 𝑧 + 𝜇ଵ|𝑧௧|௣(⋅)ିଶ𝑧௧ + 𝜇ଶ𝑧௧(𝑥, 𝑡 − 𝜏)|𝑧௧|௣(⋅)ିଶ(𝑥, 𝑡 − 𝜏) = 𝑧|𝑧|௤(⋅)ିଶ 𝑙𝑛|𝑧|௞ . 
 
Recently, problems with variable exponents have been handled carefully in several papers, 
some results relating the local existence, global existence, blow up and stability. Problems 
involving variable exponents arise in various branches of science, including image 
processing, electrorheological fluids, and nonlinear elasticity theory [20, 34]. Furthermore, 
a substantial body of research concerning the theory of partial differential equations within 
this framework can be found in [4, 5, 7, 8, 10, 11, 13, 15, 16, 20, 26, 27, 28, 29, 30, 31, 35, 
36]. 
Blow up phenomena commonly arise in solutions to nonlinear partial differential equations 
of various types. A recent comprehensive overview of these methods can be found in the 
monograph by Al'shin et al. [2], Hu [19] and Pişkin [25]. 
Motivated by the above studies, we proved to blow up the variable-exponent triharmonic  

Klein-Gordon wave equations. The rest of our work is organized as follows: In section 2, we 
give some lemmas and theorem. In section 3, we state and prove our main result. 
 

2. PRELIMINARIES 
 
We introduce in this part some preliminary informations about the Lebesgue spaces and 
Sobolev spaces with variable exponents [1, 9, 12, 32]. 
Let 𝑞: 𝛺 → [1, ∞] be a measurable function, where 𝛺 is a domain of 𝑅௡. We define the 
variable exponent Lebesgue space by 
 
𝐿௤(௫)(𝛺) = ൛𝑢 ∶ 𝛺 → 𝑅;  𝑢 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑖𝑛 𝛺 : 𝜚௤(⋅)(𝜆𝑢) < ∞, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜆 > 0ൟ, 
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where 
 

𝜚௤(⋅)(𝑢) = න
1

𝑞(𝑥)
|𝑢(𝑥)|௤(௫)

ఆ

𝑑𝑥 

 
is a modular. Equipped with the following Luxembourg-type norm 
  

‖𝑢‖௤(⋅) = 𝑖𝑛𝑓 ൝𝜆 > 0 : න ቤ
𝑢(𝑥)

𝜆
ቤ

௤(௫)

ఆ

𝑑𝑥 ≤ 1ൡ, 

 
𝐿௤(⋅)(𝛺)  is a Banach space. 
 
Next, we define the variable-exponent Sobolev space 𝑊௠,௣(⋅)(𝛺) as 
 
𝑊௠,௤(⋅)(𝛺) = ൛𝑢 ∈ 𝐿௤(⋅)(𝛺)  :   𝐷ఈ𝑢 ∈ 𝐿௤(⋅)(𝛺), |𝛼| ≤ 𝑚ൟ. 
 
Lemma 1. [9] Let  𝛺 ⊂ 𝑅௡ be a bounded domain and suppose that 𝑞(⋅) satisfies (20), then 
 
‖𝑢‖௤(⋅) ≤ 𝐶‖𝛻𝑢‖௤(⋅), for all 𝑢 ∈ 𝑊଴

ଵ,௤(⋅)(𝛺), 
 
where 𝐶 = 𝐶(𝑞ଵ, 𝑞ଶ,  𝛺) > 0 . In particular, ‖𝛻𝑢‖௤(⋅)  defines an equivalent norm on  

𝑊଴
ଵ,௤(⋅)(𝛺).  

 
Similar to the Lemma above, the following inequality can be written for 𝑢 ∈ 𝑊଴

ଷ,௤(⋅)(𝛺)  :  
  
‖𝑢‖௤(⋅) ≤ 𝐶‖𝛻𝛥𝑢‖௤(⋅). 
 
Lemma 2. [9] If 𝑚(⋅) ∈ 𝐶൫𝛺൯ and 𝑟 :  𝛺 → [1, ∞) is a measurable function such that 
 

𝑒𝑠𝑠 𝑖𝑛𝑓௫∈ఆ൫𝑚∗(𝑥) − 𝑟(𝑥)൯ > 0 with 𝑚∗(𝑥) = ቐ

𝑛𝑚(𝑥)

𝑒𝑠𝑠 𝑠𝑢𝑝௫ఆ൫𝑛 − 𝑚(𝑥)൯
if 𝑚ଶ < 𝑛,

∞ if 𝑚ଶ ≥ 𝑛.

 

Then the embedding 𝑊଴
ଵ,௠(⋅)(𝛺) ↪ 𝐿௥(⋅)(𝛺) is continuous and compact. 

 
Lemma 3. [9] Let 𝑝,  𝑞,  𝑠 ≥ 1 are measurable functions defined on 𝛺 such that 
 

1

𝑠(𝑙)
=

1

𝑝(𝑙)
+

1

𝑞(𝑙)
,  for a.e.  𝑙 ∈ Ω. 

 
If  𝑢 ∈ 𝐿௣(⋅)(𝛺) and 𝐿௤(⋅)(𝛺), then 𝑢𝑣 ∈ 𝐿௦(⋅)(𝛺), with 
 
‖𝑢𝑣‖௦(⋅) ≤ 2‖𝑢‖௣(⋅)‖𝑣‖௤(⋅). 
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Lemma 4. [9] If 𝑞 is a measurable function on 𝛺 satisfying (25), then we have 
 
𝑚𝑖𝑛 ቄ‖𝑢‖

௤(⋅)
௤భ , ‖𝑢‖

௤(⋅)
௤మ ቅ ≤ 𝜚௤(⋅)(𝑢) ≤ 𝑚𝑎𝑥 ቄ‖𝑢‖

௤(⋅)
௤భ , ‖𝑢‖

௤(⋅)
௤మ ቅ, 

 
for any 𝑢 ∈ 𝐿௤(⋅)(𝛺). 
 
The proof of the following proposition can be established employing the Galerkin method as 
in the work of Antontsev [3]. 
 
Theorem 5. Let 𝑢଴ ∈ 𝑊଴

ଷ,௠(⋅)(𝛺), 𝑢ଵ ∈ 𝐿ଶ(𝛺)  and assume that the exponents 𝑚, 𝑝, 𝑞  
satisfy conditions (25) and (20). Then problem (10) has a unique weak solution such that 
 

⎩
⎪
⎨

⎪
⎧𝑢 ∈ 𝐿ஶ ቀ(0, 𝑇), 𝑊଴

ଷ,௠(⋅)(𝛺)ቁ,        

𝑢௧ ∈ 𝐿ஶ൫(0, 𝑇), 𝐿ଶ(𝛺)൯,                 

𝑢௧௧ ∈ 𝐿ஶ ൬(0, 𝑇), 𝑊଴
ିଷ,௠ᇲ(⋅)(𝛺)൰ ,

 

 
where  

ଵ

௠(⋅)
+

ଵ

௠ᇲ(⋅)
= 1.  

 
3. BLOW UP 

 
In this section we aim to prove Theorem 13. Therefore we first introduce the corresponding 
energy functional 
 
𝐸(𝑡) =

ଵ

ଶ
∫ |𝑢௧|ଶ

ఆ
𝑑𝑥 + ∫

ଵ

௠(௫)
|𝛻𝛥𝑢|௠(௫)

ఆ
𝑑𝑥 − 𝑏 ∫

ଵ

௤(௫)
|𝑢|௤(௫)

ఆ
𝑑𝑥.                  (4) 

 
 
Lemma 6.  Suppose the conditions of Lemma 2 hold. Then, there exists a constant 𝐶 > 1, 
which depends on 𝛺 only, such that 
 

𝜚
௤(௫)

ೞ

೜భ (𝑢) ≤ 𝐶 ቀ‖𝛻𝛥𝑢‖
௠(⋅)
௠భ + 𝜚௤(⋅)(𝑢)ቁ                                        (5) 

 
for any 𝑢 ∈ 𝑊଴

ଷ,௠(⋅)(𝛺) and 𝑚ଵ ≤ 𝑠 ≤ 𝑞ଵ.  
 
Proof of Lemma 6.  If 𝜚௤(⋅)(𝑢) > 1, we deduce that   

  

𝜚
௤(⋅)

௦
௤భ (𝑢) ≤ 𝜚௤(⋅)(𝑢) ≤ 𝐶 ቀ‖𝛻𝛥𝑢‖

௠(⋅)
௠భ + 𝜚௤(⋅)(𝑢)ቁ. 

 
On the other hand, if 𝜚௤(⋅)(𝑢) ≤ 1, then Lemma 3 ensures, ‖𝑢‖௤(⋅) ≤ 1. Making use of 
Lemmas 2 and 4, we arrive at    
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𝜚
௤(⋅)

௦
௤భ (𝑢) ≤ 𝜚

௤(⋅)

௠భ
௤భ (𝑢) ≤ ቂ𝑚𝑎𝑥ቄ‖𝑢‖

௠(⋅)
௤భ , ‖𝑢‖

௠(⋅)
௤మ ቅቃ

௠భ
௤భ ≤ ‖𝑢‖

௤(⋅)
௠భ ≤ 𝐶‖𝛻𝛥𝑢‖

௠(⋅)
௠భ  

 
where 𝐶 > 1. As a result, (5) is established.                               █ 
 
As a particular case, we obtain the following lemmas. 
 
Lemma 7.  Under the assumptions of Lemma 6, we have 
 
‖𝑢‖௤భ

௦ ≤ 𝐶൫‖𝛻𝛥𝑢‖௠భ

௠భ + ‖𝑢‖௤భ

௤భ൯                                        (6) 
 
for any 𝑢 ∈ 𝑊଴

ଷ,௠(⋅)(𝛺) an 𝑚ଵ ≤ 𝑠 ≤ 𝑞ଵ.  
 
Now, we let 
 
𝐻(𝑡) = −𝐸(𝑡), 
 
where 𝐶 a positive constant. Combination of (4) and (5) leads to the following. 
 
Lemma 8.  Under the assumptions of Lemma 6, we have 
 

𝜚
௥(⋅)

ೞ

೜భ (𝑢) ≤ 𝐶 ቀ|𝐻(𝑡)| + ‖𝑢௧‖ଶ
ଶ + 𝜚௤(⋅)(𝑢)ቁ,                                 (7) 

for any 𝑢 ∈ 𝑊଴
ଷ,௠(⋅)(𝛺) and 𝑚ଵ ≤ 𝑠 ≤ 𝑞ଵ.  

 
Lemma 9.  Under the assumptions of Lemma 6, we have 
 
‖𝑢‖௥భ

௦ ≤ 𝐶൫|𝐻(𝑡)| + ‖𝑢௧‖ଶ
ଶ + ‖𝑢‖௤భ

௤భ൯                                         (8) 
 
for any 𝑢 ∈ 𝑊଴

ଷ,௠(⋅)(𝛺) and 𝑚ଵ ≤ 𝑠 ≤ 𝑞ଵ.  
 
Lemma 10.   Assume that (2) and (3) hold and 𝐸(0) < 0. Then the solution of (10) 
satisfies, for some 𝑐 > 0, 
 
𝜚௤(⋅)(𝑢) ≥ 𝑐‖𝑢‖௤భ

௤భ .                                                       (9)        
 
Lemma 11 Suppose that (3) holds and let 𝑢 be the solution of (10). Then, 
 

∫ |𝑢|௣(௫)
ఆ

𝑑𝑥 ≤ 𝐶 ቆቀ𝜚௥(⋅)(𝑢)ቁ

೛భ
೜భ + ቀ𝜚௣(⋅)(𝑢)ቁ

೛మ
೜భ ቇ.                                (10) 

 
Lemma 12.  Le 𝑢 be the solution of (1). Then there exists a constant 𝑐ଵ > 0 such that 
 
‖𝛻𝛥𝑢(⋅, 𝑡௞)‖௠(⋅) ≥ 𝑐ଵ, ∀𝑡 ≥ 0..                                             (11) 
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Proof of Lemma 12.  Assume, for the sake of contradiction, that there exists a sequence 
𝑡௞  such that 
 
‖𝛻𝛥𝑢(⋅, 𝑡௞)‖௠(⋅) → 0 as 𝑘 → ∞.  
 
By employing Lemmas 2 and 4, we deduce that 
 
𝜚௥(⋅)(⋅, 𝑡௞) → 0 as 𝑘 → ∞.  
 
Consequently, 
 
𝐸(𝑡௞) ≥ 0 
 
which conflicts with the assertion that 𝐸(𝑡௞) < 0, ∀𝑡 ≥ 0.  
Now we state our main result. 
 
Theorem 13.  Let the assumptions of Theorem 5 be satisfied and assume that 
 
𝐸(0) < 0.                                                             (12) 
 
Then the solution of (1) blows up in finite time. 
 
Proof of Theorem 13.  We multiply (1) by 𝑢௧ and integrate over the domain 𝛺 to  
 
obtain 
 
𝐸ᇱ(𝑡) = −𝑎 ∫ |𝑢௧(𝑥, 𝑡)|௤(௫)

ఆ
𝑑𝑥 ≤ 0                                     (13) 

 
for a.e. 𝑡 ∈ [0, 𝑇), since 𝐸(𝑡) is an absolutely continuous function [17];  
 
hence, 𝐻ᇱ(𝑡) ≥ 0  and 
 
0 < 𝐻(0) ≤ 𝐻(𝑡) ≤

௕

௤భ
𝜚௤(⋅)(𝑢),                                       (14) 

 
for all 𝑡 in [0, 𝑇), by taking into account (12). We define 
 
𝛹(𝑡) = 𝐻ଵିఈ(𝑡) + 𝜀 ∫ 𝑢𝑢௧(𝑥, 𝑡)

ఆ
𝑑𝑥,                                    (15)  

  
for 𝜀 small to be chosen later and 
 
0 < 𝛼 ≤ 𝑚𝑖𝑛 ቄ

௤భିଶ

ଶ௤భ
,

௤భି௣మ

௥భ(௣మିଵ)
ቅ.                                         (16) 

 
We differentiate (15) and use the equation in (1) to arrive at  
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𝛹ᇱ(𝑡) = (1 − 𝛼)𝐻ିఈ(𝑡)𝐻ᇱ(𝑡) + 𝜀 න |𝑢௧|ଶ

ఆ

𝑑𝑥 − 𝜀 න |𝛻𝛥𝑢|௠(௫)

ఆ

𝑑𝑥 + 𝜀𝑏 න |𝑢|௤(௫)

ఆ

𝑑𝑥 

                         −𝜀𝑎 ∫ 𝑢|𝑢௧|௣(௫)ିଶ𝑢௧ఆ
𝑑𝑥.                                   (17) 

 
Applying the definition of 𝐻(𝑡), it can be inferred that 
 

−𝜀(1 − 𝜂)𝑞ଵ𝐻(𝑡)    =
𝜀(1 − 𝜂)𝑞ଵ

2
න |𝑢௧|ଶ

ఆ

𝑑𝑥 + න
𝜀(1 − 𝜂)𝑞ଵ

𝑚(𝑥)
|𝛻𝛥𝑢|௠(௫)

ఆ

𝑑𝑥 

 
                                        −𝑏𝜀(1 − 𝜂)𝑞ଵ ∫

ଵ

௤(௫)
|𝑢|௤(௫)

ఆ
𝑑𝑥,       

                     
where 0 < 𝜂 < 1. Adding and subtracting −𝜀(1 − 𝜂)𝑞ଵ𝐻(𝑡) from the right-hand side of 
(17), we get 
 

𝛹ᇱ(𝑡) ≥ (1 − 𝛼)𝐻ିఈ(𝑡)𝐻ᇱ(𝑡) + 𝜀(1 − 𝜂)𝑞ଵ𝐻(𝑡) + 𝜀 ቆ1 +
(1 − 𝜂)𝑞ଵ

2
ቇ න |𝑢௧|ଶ

ఆ

𝑑𝑥

+ 𝜀 ቆ
(1 − 𝜂)𝑞ଵ

𝑚ଶ
− 1ቇ න |𝛻𝛥𝑢|௠(௫)

ఆ

𝑑𝑥 + 𝜀𝑏𝜂 න |𝑢|௤(௫)

ఆ

𝑑𝑥

− 𝜀𝑎 න 𝑢|𝑢௧|௣(௫)ିଶ𝑢௧
ఆ

𝑑𝑥.                                                                                           (18) 

 
Then, for 𝜂 small enough, we have 
 

𝛹ᇱ(𝑡) ≥ (1 − 𝛼)𝐻ିఈ(𝑡)𝐻ᇱ(𝑡) + 𝜀𝛽 ቈ𝐻(𝑡) + න |𝑢௧|ଶ

ఆ

𝑑𝑥 + න |𝑢|௤(௫)

ఆ

𝑑𝑥 + න |𝛻𝛥𝑢|௠(௫)

ఆ

𝑑𝑥቉

− 𝜀 න 𝑢|𝑢௧|௣(௫)ିଶ𝑢௧
ఆ

𝑑𝑥,                                                                                             (19) 

 
where 
 

𝛽 = 𝑚𝑖𝑛 ቊ(1 − 𝜂)𝑞ଵ, 𝑏𝜂, ቆ1 +
(1 − 𝜂)𝑞ଵ

2
ቇ , ቆ

(1 − 𝜂)𝑞ଵ

𝑚ଶ
− 1ቇቋ > 0. 

 
To estimate the last term in (19), we use the Young inequality, we have  
 

∫ |𝑢௧|௣(௫)ିଵ|𝑢|
ఆ

𝑑𝑥 ≤
ଵ

௣భ
𝛿௣(௫)|𝑢|௣(௫) +

௣మିଵ

௣మ
∫ 𝛿

ି
೛(ೣ)

೛(ೣ)షభ|𝑢௧|௣(௫)
ఆ

𝑑𝑥,               (20) 

 
where 𝛿 > 0 is constants depending on the time 𝑡 and specified later. Let us choose 𝛿  
so that  
 

𝛿
ି

௣(௫)
௣(௫)ିଵ = 𝑘𝐻ିఈ(𝑡), 
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for a large constant 𝑘 to be specified later, and substituting in (20), we get 
 
∫ |𝑢௧|௣(௫)ିଵ|𝑢|

ఆ
𝑑𝑥 ≤

ଵ

௣భ
∫ 𝑘ଵି௣(௫)|𝑢|௣(௫)𝐻ఈ(௣(௫)ିଵ)(𝑡)

ఆ
𝑑𝑥 +

௣మିଵ

௔௣మ
𝑘𝐻ିఈ(𝑡)𝐻ᇱ(𝑡).     (21) 

 
Combining (19) and (20) gives 
 

𝛹ᇱ(𝑡) ≥ ൤(1 − 𝛼) − 𝜀 ൬
𝑝ଶ − 1

𝑝ଶ
൰ 𝑘൨ 𝐻ିఈ(𝑡)𝐻ᇱ(𝑡) + 𝜀𝛽 ቈ𝐻(𝑡) + න |𝑢௧|ଶ

ఆ

𝑑𝑥 + න |𝛻𝛥𝑢|௠(௫)

ఆ

𝑑𝑥 ቉

−
𝜀𝑘ଵି௣భ𝑎

𝑝ଵ
𝐶𝐻ఈ(௣మିଵ)(𝑡) න |𝑢|௣(௫)

ఆ

𝑑𝑥.                                                                 (22) 

 
By using (14) and Lemma 11, we have 
 

𝐻ఈ(௣మିଵ)(𝑡) ∫ |𝑢|௣(௫)
ఆ

𝑑𝑥 ≤ 𝐶ଵ ቈቀ𝜚௥(⋅)(𝑢)ቁ

೛భ
೜భ

ାఈ(௣మିଵ)

+ ቀ𝜚௥(⋅)(𝑢)ቁ

೛మ
೜భ

ାఈ(௣మିଵ)

቉.         (23) 

 
We then use (16) and Lemma 6, for  
 
𝑠 = 𝑝ଵ + 𝛼𝑞ଵ(𝑝ଶ − 1) ≤ 𝑞ଵ, and  𝑠 = 𝑝ଶ + 𝛼𝑞ଵ(𝑝ଶ − 1) ≤ 𝑞ଵ, 
 
to do deduce, from (23), that 
 
𝐻ఈ(௣మିଵ)(𝑡) ∫ |𝑢|௣(௫)

ఆ
𝑑𝑥 ≤ 𝐶ቂ‖𝛻𝛥𝑢‖

௠(⋅)
௠భ + 𝜚௤(⋅)(𝑢)ቃ.                         (24) 

 
By exploiting Lemmas 4 and 12, we get 
 
𝜚௠(⋅)(𝛻𝛥𝑢) ≥ 𝑐ଶ‖𝛻𝛥𝑢‖

௠(⋅)
௠భ .                                         (25) 

 
Combining (22), (24) and (25) leads to 
 
 

𝛹ᇱ(𝑡) ≥ ൤(1 − 𝛼) − 𝜀
𝑝ଶ − 1

𝑝ଶ
𝑘൨ 𝐻ିఈ(𝑡)𝐻ᇱ(𝑡) 

             +𝜀 ቀ𝛽 −
௞భష೛భ

௣భ
𝑎𝐶ቁ ൣ𝐻(𝑡) + ‖𝑢௧‖ଶ + 𝜚௠(⋅)(𝛻𝛥𝑢) + 𝜚௤(⋅)(𝑢)൧.               (26) 

 

Now, we select 𝑘 so large that 𝛾 = 𝛽 − 𝑎
௞ష೜భ

௤భ
𝐶 > 0. 

Once 𝑘 is chosen (hence 𝛾), we select 𝜀 so small that 

(1 − 𝛼) − 𝜀
𝑞ଶ − 1

𝑞ଶ
𝑘 ≥ 0 

 
and 
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𝛹(0) = 𝐻ଵିఈ(0) + 𝜀 න 𝑢଴(𝑥)𝑢ଵ(𝑥)
ఆ

𝑑𝑥 > 0. 

 
Hence (26) takes the form 
 
𝛹ᇱ(𝑡) ≥ 𝛾𝜀ൣ𝐻(𝑡) + ‖𝑢௧‖ଶ + 𝜚௠(⋅)(𝛻𝛥𝑢) + 𝜚௤(⋅)(𝑢)൧ ≥ 𝛾𝜀ൣ𝐻(𝑡) + ‖𝑢௧‖ଶ + ‖𝑢‖௤భ

௤భ൧,      (27) 
 
by virtue of (9). Consequently, we get  
 
𝛹(𝑡) ≥ 𝛹(0) > 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0. 
 
Next, we want to obtain an inequality of the form 
 

𝛹ᇱ(𝑡) ≥ 𝜉𝛹
భ

భష഑(𝑡),  for all 𝑡 ≥ 0,                                      (28) 
 
for a 𝜉 = (𝜀𝛾,  𝐶) > 0, (here 𝐶 is the constant of Lemma 7). Once (28) is proved, one can 
obtain, in a standard way, the finite-time blowup of the functional 𝛹(𝑡). 
To prove (28), we first note that 
 

ቤන 𝑢𝑢௧
ఆ

𝑑𝑥ቤ ≤ ‖𝑢‖ଶ‖𝑢௧‖ଶ ≤ 𝐶‖𝑢‖௤భ
‖𝑢௧‖ଶ, 

 
which implies 
 

ቤන 𝑢𝑢௧𝑑𝑥
ఆ

ቤ

ଵ
ଵିఈ

≤ 𝐶‖𝑢‖
ଶ(௣భାଶ)

ଵ
ଵିఈ ‖𝑢௧‖

ଵ
ଵିఈ . 

 
Young's inequality gives 
 

ห∫ 𝑢𝑢௧ఆ
𝑑𝑥ห

భ

భషഀ ≤ 𝐶 ൤‖𝑢‖௥భ

ഋ

భషഀ‖𝑢௧‖
ഇ

భషഀ൨,                                    (29) 

 
for  

ଵ

ఓ
+

ଵ

ఏ
= 1. We take  𝜃 = 2(1 − 𝛼), to get 

ఓ

ଵିఈ
=

ଶ

ଵିଶఈ
≤ 𝑝ଵ, by (23). 

 
Therefore (29), becomes 

ቤන 𝑢𝑢௧
ఆ

𝑑𝑥ቤ

ଵ
ଵିఈ

≤ 𝐶ൣ‖𝑢‖ଶ(௣భାଶ)
௦ + ‖𝑢௧‖ଶ൧, 

where 𝑠 =
ଶ

ଵିଶఈ
≤ 𝑟ଵ.  

 
By recalling Lemma 8, we have 
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ห∫ 𝑢𝑢௧ఆ
𝑑𝑥ห

భ

భషഀ ≤ 𝐶ൣ𝐻(𝑡) + ‖𝑢‖௣భ

௣భ + ‖𝑢௧‖ଶ൧,                               (30) 
 
for all  𝑡 ≥ 0.  Thus,  

𝛹
ଵ

ଵିఈ(𝑡) = ቈ𝐻ଵିఈ(𝑡) + 𝜀 න 𝑢𝑢௧
ఆ

𝑑𝑥቉

ଵ
ଵିఈ

≤ 2
ଵ

ଵିఈ ቎𝐻(𝑡) + ቤන 𝑢𝑢௧
ఆ

𝑑𝑥ቤ

ଵ
ଵିఈ

቏

≤ 𝐶ൣ𝐻(𝑡) + ‖𝑢௧‖ଶ + 𝜚௠(⋅)(𝛻𝛥𝑢) + 𝜚(𝑢)൧, 
 
and combine with (27) and (30), the inequality (28) is established.  
This completes the proof. █                                                         
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