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Abstract
In this paper, we introduce and study the hub number of ring fuzzy graphs. To make
the construction self-contained, a ring fuzzy graph is treated as a weighted fuzzy struc-
ture RFΓ = (V,E, µ, σ) whose underlying vertices are ring-induced substructures and
whose hub number is computed by the total vertex-membership value of a minimal hub
set. We investigate this parameter for several important classes of ring fuzzy graphs,
including complete, path, cycle, and star ring fuzzy graphs, and obtain explicit expres-
sions in each case. In addition, we derive general bounds for the hub number in terms
of the complement graph and several neighborhood-based parameters. Relationships be-
tween the hub number and other graph-theoretic quantities, such as domination-type
and chromatic-type parameters, are also examined. Furthermore, we extend the study to
restricted hyper-totient fuzzy graphs and present a characterization of their hub number.
Finally, we analyze the behavior of the hub number under several operations on ring fuzzy
graphs, including intersection, union, direct product, and direct sum, stating the required
compatibility assumptions on the underlying vertex sets and membership functions. The
results obtained in this work show that the hub number is a useful structural parameter
for the analysis of ring fuzzy graphs and provide a foundation for further investigations
in algebraic fuzzy graph theory.
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1 Introduction
The theory of fuzzy sets, introduced by Zadeh [1], has become one of the fundamental
mathematical tools for modeling uncertainty and partial membership in complex systems.
This idea was extended to graph theory by Rosenfeld [2], who introduced fuzzy graphs
as a natural generalization of ordinary graphs in which vertices and edges may possess
membership values in the unit interval. Since then, fuzzy graph theory has developed into
an active research area with applications in network analysis, decision-making, clustering,
image processing, and systems involving imprecise or incomplete information. Early
structural developments in fuzzy graphs include the work of Bhattacharya [3], while graph
operations in the fuzzy setting were systematically studied by Mordeson and Peng [4].

Over the years, many classical graph-theoretic notions have been extended to the fuzzy
setting. Important contributions include the study of fuzzy trees [5], strong arcs and fuzzy
end nodes [6,7], and different types of arcs in fuzzy graphs [8]. Among the most important
directions in this area is the study of domination-type parameters. Somasundaram and
Somasundaram [9] initiated the study of domination in fuzzy graphs, and this line of work
was later enriched by several authors through variants such as strong domination and
related domination concepts [10–12]. More recently, domination-type parameters have
also been investigated in bipolar fuzzy graph operations and their structural properties
[13].

In classical graph theory, the hub number is an important parameter associated with
the existence of intermediate vertices connecting pairs of non-adjacent vertices. Grauman
et al. [14] introduced and studied the hub number of a graph, while Johnson et al. [15]
examined its connected version and its relationship with connected domination. These
works show that hub-type parameters play a useful role in describing the internal connec-
tivity structure of graphs. Motivated by these classical developments, recent studies have
begun to explore analogous ideas in the fuzzy setting. In particular, Tobaili et al. [16]
investigated the hub number in several classes of fuzzy graphs, and Ahmed et al. [17]
studied fuzzy hub domination from the perspective of network connectivity optimization.
These developments suggest that the hub number is a promising structural invariant in
fuzzy graph theory.

At the same time, algebraic graph theory has provided many important graph models
arising from rings and related algebraic structures. Ring-based graphs such as inclusion
ideal graphs and zero-divisor graphs have attracted considerable interest because they
connect algebraic properties with graph-theoretic behavior [18, 19]. In parallel, graph
operations and their associated topological parameters have also been studied extensively
in recent years [20,21]. These studies highlight the importance of investigating structural
parameters of graphs generated by algebraic objects, especially when fuzzy memberships
are incorporated into the model.

Another relevant direction is the study of totient-based graphs. Ali et al. [22] in-
troduced a paradigmatic approach for investigating restricted hyper-totient graphs and
established several structural properties of these graphs. Since restricted hyper-totient
graphs arise naturally from number-theoretic constructions, studying their fuzzy versions
and associated hub parameters provides a meaningful bridge between fuzzy graph theory,
algebraic graph theory, and arithmetic graph constructions.

Motivated by the above developments, the present paper introduces and studies the
hub number of ring fuzzy graphs. We formulate the notion of a hub set in the context of
ring fuzzy graphs and define the hub number in terms of the minimum total membership
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value of a minimal hub set. We then investigate this parameter for several important
classes of ring fuzzy graphs, including complete, path, cycle, and star ring fuzzy graphs.
In addition, we derive bounds involving the complement graph and neighborhood-based
parameters, and we examine relationships between the hub number and other invariants
such as domination-type and chromatic-type parameters. We also extend the discussion
to restricted hyper-totient fuzzy graphs and study the behavior of the hub number under
several graph operations, including intersection, union, direct product, and direct sum.

Although fuzzy hub parameters have been considered for general fuzzy graphs, the ex-
isting literature does not explicitly treat the interaction between hub sets and ring-induced
fuzzy structures. In particular, previous results do not clarify how vertex-membership
weights affect hub sets generated by subring or arithmetic constructions, nor how such
hub numbers behave under algebraic operations. The present work fills this gap by de-
veloping the hub number in the specific framework of ring fuzzy graphs and restricted
hyper-totient fuzzy graphs, with weighted proofs and examples that distinguish the fuzzy
setting from the crisp case.

The main contributions of this paper can be summarized as follows:

• we introduce the hub number for ring fuzzy graphs and establish its basic properties;

• we determine explicit expressions for the hub number for several standard classes
of ring fuzzy graphs;

• we derive upper bounds and relationships involving complement graphs and neigh-
borhood parameters;

• we investigate the hub number of restricted hyper-totient fuzzy graphs;

• we analyze the effect of several graph operations on the hub number of ring fuzzy
graphs.

We believe that these results enrich the interaction between fuzzy graph theory and
algebraic graph theory, and provide a useful basis for further investigations of hub-related
parameters in ring-based fuzzy structures and other algebraically defined fuzzy graphs.

2 Definitions
In this section, we briefly review some basic definitions related to graphs, ring fuzzy
graphs, hub sets, hub numbers in fuzzy graphs, and domination in ring fuzzy graphs.

Definition 1 (Ring fuzzy graph). Let R be a finite commutative ring and let V be a
family of subrings or ring-induced algebraic objects associated with R. A ring fuzzy graph
is a quadruple

RFΓ = (V,E, µ, σ),

where E ⊆ {ξζ : ξ, ζ ∈ V, ξ ̸= ζ} is the edge set of the underlying crisp graph, µ : V →
[0, 1] is the vertex-membership function, and σ : V × V → [0, 1] is the edge-membership
function satisfying

σ(ξ, ζ) ≤ min{µ(ξ), µ(ζ)} for every ξζ ∈ E.

If ξζ /∈ E, then we put σ(ξ, ζ) = 0. Throughout the paper, paths and adjacency are
understood in the underlying crisp graph, while the value of a hub set is computed using
the vertex-membership function µ.
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Definition 2 (Weighted cardinality and neighborhood notation). For A ⊆ V (RFΓ), its
fuzzy weight is

wµ(A) =
∑
v∈A

µ(v).

We write p = |V (RFΓ)|. The open neighborhood of a vertex v is denoted by

N(v) = {u ∈ V (RFΓ) : uv ∈ E(RFΓ)},

and dN(v) = |N(v)|. Moreover,

∆N(RFΓ) = max
v∈V

dN(v), δN(RFΓ) = min
v∈V

dN(v).

Similarly, dE(v) denotes the number of edges incident with the neighborhood of v, and
∆E(RFΓ) and δE(RFΓ) denote the corresponding maximum and minimum values. The
symbols X(RFΓ) and β(RFΓ) denote, respectively, the fuzzy chromatic-type parameter
and the upper fuzzy independence parameter used in this paper, each evaluated by the
same membership-weight convention.

Definition 3. Let Γ = (V,E) be a graph. The complement graph of Γ, denoted by Γ,
is the graph having the same vertex set V such that two distinct vertices ξ, ζ ∈ V are
adjacent in Γ if and only if ξζ /∈ E(Γ).

Theorem 4. For any complete graph Kp, we have

h(Kp) = 0.

Theorem 5. For any path graph Pn, we have

h(Pn) = n− 2.

Theorem 6. For any cycle graph Cn, we have

h(Cn) = n− 3.

The above hub-number results for complete graphs, path graphs, and cycle graphs
are classical and may be found in [14].

3 The Hub Number of a Ring Fuzzy Graph
In this section, we introduce and investigate the concept of the hub number in the setting
of ring fuzzy graphs. In particular, we study this concept for several classes of ring fuzzy
graphs, including commutative ring fuzzy graphs, complete ring fuzzy graphs, path ring
fuzzy graphs, cycle ring fuzzy graphs, and star ring fuzzy graphs.

Definition 7. Let RFΓ = (V,E, µ, σ) be a ring fuzzy graph in the sense of Definition 1.
A subset D ⊆ V is called a hub set of RFΓ if, for every pair of non-adjacent subrings
in V \D, there exists a path joining them such that all intermediate vertices of the path
belong to D.

Definition 8. A hub set D of RFΓ is called a minimal hub set if D \ {v} is not a hub
set of RFΓ for every v ∈ D.
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RFΓ :
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Figure 1: Ring fuzzy graph associated with Z36.

Definition 9. The hub number of a ring fuzzy graph RFΓ is defined by

h(RFΓ) = min

{∑
v∈D

µ(v) : D is a minimal hub set of RFΓ

}
.

Example 10. Consider the ring fuzzy graph RFΓ = (V,E) shown in Figure 1.

We now give an explicit computation of the hub number in Figure 1. Consider

D = {Z36, ⟨2⟩, ⟨0⟩, ⟨12⟩, ⟨9⟩}.

The vertices outside D are ⟨4⟩, ⟨6⟩, ⟨3⟩, and ⟨18⟩. The non-adjacent pairs outside D are
connected through vertices of D as follows:

⟨4⟩ − ⟨12⟩ − ⟨6⟩, ⟨4⟩ − ⟨2⟩ − Z36 − ⟨3⟩,

⟨4⟩ − ⟨12⟩ − ⟨0⟩ − ⟨18⟩, ⟨3⟩ − ⟨9⟩ − ⟨18⟩.

Thus D is a hub set. Its fuzzy weight is

wµ(D) = µ(Z36) + µ(⟨2⟩) + µ(⟨0⟩) + µ(⟨12⟩) + µ(⟨9⟩) = 0.9 + 0.8 + 0.1 + 0.4 + 0.3 = 2.5.

Moreover, deleting any one of these selected vertices leaves at least one of the above non-
adjacent pairs without a path whose internal vertices all lie in the remaining set. Hence,
this set is minimal and

h(RFΓ) = 2.5.

Theorem 11. If RFΓ is a complete ring fuzzy graph, then

h(RFΓ) = 0.

Proof. Since RFΓ is complete, every pair of distinct vertices is adjacent. Therefore, there
is no pair of non-adjacent vertices outside the empty set, and hence the empty set is a
hub set. It follows that

h(RFΓ) = 0.

We next consider the commutative ring Zn, together with several standard classes of
ring fuzzy graphs.
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Theorem 12. If RFΓ is the complete ring fuzzy graph associated with the commutative
ring Zn, then

h(RFΓ) = 0.

Proof. The result follows immediately from the previous theorem.

Example 13. Assume that RFΓ is the complete ring fuzzy graph associated with Z5, as
shown in Figure 2.

RFΓ :
(Z5, 0.2) (⟨0⟩, 0.1)u u

Figure 2: Ring fuzzy graph associated with Z5.

From Figure 2, we conclude that

h(RFΓ) = 0.

Theorem 14. Let Γ = S(Zn) be the ring fuzzy graph of subrings of Zn, and let m =
|V (Γ)|. Suppose that the membership function is fixed on V (Γ). Then

h(Γ) =



0, if n is prime,

min{wµ(D) : D ⊆ V (Γ), |D| = m− 2, D is a hub set}, if n = qr, q prime, r ≥ 2,

min{wµ(D) : D ⊆ V (Γ), |D| = m− 3, D is a hub set},
if S(Zn) has the corresponding cycle type,

min{wµ(D) : D ⊆ V (Γ), D is a minimal hub set}, otherwise.

In particular, when the last class has verified minimal hub sets of cardinality m− 4, the
last line reduces to min{wµ(D) : |D| = m− 4, D is a hub set}.

Proof. Let RFΓ = S(Zn) be the fuzzy graph generated by the subring structure of Zn.
The proof is based on the underlying crisp subring graph, but the value of a hub set is
its fuzzy weight wµ.

Case 1. If n is prime, then the subring structure is trivial and no non-adjacent pair must
be connected through an intermediate hub vertex. Hence the empty set is a hub set and
h(Γ) = 0.

Case 2. If n = qr with q prime and r ≥ 2, the subring graph considered here has the
chain structure associated with the divisibility chain of powers of q. Thus the underlying
graph is of path type. The two end vertices of this path are connected by a unique
path passing through all internal vertices. Consequently, every hub set must contain
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the internal vertices of the path, and these m − 2 vertices form a hub set. Taking the
minimum fuzzy weight among all such hub sets gives

h(Γ) = min{wµ(D) : |D| = m− 2, D is a hub set}.

Case 3. If the corresponding subring graph has cycle type, then a minimal hub set in the
underlying cycle has cardinality m − 3. In the fuzzy graph, the cardinality condition is
preserved, while the numerical value is obtained by minimizing the membership weight.
Therefore

h(Γ) = min{wµ(D) : |D| = m− 3, D is a hub set}.

Case 4. For all remaining subring graphs, one cannot determine the fuzzy hub number
from the order m alone. It must be computed by minimizing wµ(D) over all minimal
hub sets D. If the relevant structural verification shows that all minimal hub sets in the
considered class have cardinality m− 4, then the displayed special formula follows. This
avoids using an unsupported formula in cases where the subring graph has a different
structure.

Example 15. Consider the ring fuzzy graph RFΓ shown in Figure 3.

RFΓ :

(Z12, 0.5) (⟨3⟩, 0.4)

(⟨2⟩, 0.4)

(⟨0⟩, 0.1)

(⟨6⟩, 0.2)

(⟨4⟩, 0.3)
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Figure 3: Ring fuzzy graph associated with Z12.

From Figure 3, we obtain

h(Z12) = min
m−4∑
i=1

µ(vi) = 0.6.

Theorem 16. Let RFΓ be a ring fuzzy graph of order p, and let RFΓ denote the com-
plement of RFΓ. Assume that 0 ≤ µ(v) < 1 for every vertex v ∈ V (RFΓ). Then:

1. h(RFΓ) < p;

2. h(RFΓ) < p.

Proof. By definition,

h(RFΓ) = min

{∑
v∈D

µ(v) : D is a minimal hub set of RFΓ

}
.
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Since each membership value satisfies 0 ≤ µ(v) < 1 and any hub set contains at most p
vertices, we obtain

h(RFΓ) < p.

Applying the same argument to the complement graph RFΓ yields

h(RFΓ) < p.

This completes the proof.

Theorem 17. For any ring fuzzy graph RFΓ of order p,

h(RFΓ) + h(RFΓ) < 2p.

Proof. By the previous theorem,

h(RFΓ) < p and h(RFΓ) < p.

Therefore,
h(RFΓ) + h(RFΓ) < 2p.

Theorem 18. Let RFΓ = Pp be a path ring fuzzy graph with ordered vertex set

V (Pp) = {⟨v1⟩, ⟨v2⟩, . . . , ⟨vp⟩}, p ≥ 2.

Then

h(Pp) =

p−1∑
i=2

µ(⟨vi⟩).

Proof. For p = 2, the graph P2 is complete. Hence, by Theorem 3.2.1,

h(P2) = 0.

Now let p ≥ 3. Consider the set

D = {⟨v2⟩, ⟨v3⟩, . . . , ⟨vp−1⟩},

that is, the set of all internal vertices of the path. For the two end vertices ⟨v1⟩ and ⟨vp⟩,
the unique path joining them passes through all vertices of D. Hence, D is a hub set.

To show minimality, remove any internal vertex ⟨vi⟩ from D. Then the unique path
from ⟨v1⟩ to ⟨vp⟩ contains ⟨vi⟩ as an intermediate vertex, and thus the remaining set is
no longer a hub set. Therefore, D is a minimal hub set.

Consequently, the hub number of Pp is the sum of the membership values of all internal
vertices, namely

h(Pp) =

p−1∑
i=2

µ(⟨vi⟩).

Example 19. Consider the path ring fuzzy graphs RFΓ1 = Z2 and RFΓ2 = Z9, shown
in Figure 4.
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RFΓ1 : RFΓ2 :(Z2, 0.2) (⟨0⟩, 0.1) (Z9, 0.4) (⟨3⟩, 0.2) (⟨0⟩, 0.1)uu uu u

Figure 4: Path ring fuzzy graphs RFΓ1 = Z2 and RFΓ2 = Z9.

From Figure 4, we obtain

h(RFΓ1) = 0 and h(RFΓ2) = 0.2.

Theorem 20. If RFΓ is a path ring fuzzy graph, then

γ(RFΓ) = h(RFΓ).

Proof. The result follows from the characterization of the domination number for path
ring fuzzy graphs established earlier in the paper, together with Theorem 3.2.6.

Remark 21. The converse of the previous theorem is not true, as illustrated in Figure 5.

Example 22. Consider the ring fuzzy graph RFΓ = (V,E) shown in Figure 5.

RFΓ :

(Z18, 0.9) (⟨2⟩, 0.7)

(⟨3⟩, 0.3)

(⟨0⟩, 0.2)

(⟨6⟩, 0.2)

(⟨9⟩, 0.2)
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Figure 5: Ring fuzzy graph associated with Z18.

From Figure 5, we observe that

γ(RFΓ) = h(RFΓ) = 0.5,

although RFΓ is not a path ring fuzzy graph.

Theorem 23. Let RFΓ = Cp be a cycle ring fuzzy graph with p vertices. Then

h(Cp) = min

{∑
v∈D

µ(v) : D ⊆ V (Cp), |D| = p− 3, D is a hub set of Cp

}
.

Equivalently, if D = {⟨v1⟩, ⟨v2⟩, . . . , ⟨vp−3⟩} is a minimal hub set of Cp, then

h(Cp) = min

p−3∑
i=1

µ(⟨vi⟩).
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Proof. Let Cp = v1v2 · · · vpv1. A set of p − 3 consecutive vertices is a hub set: the three
vertices outside it form a path segment of length at most two in the cycle, and every
remaining non-adjacent pair outside the set can be connected by the complementary arc
whose internal vertices are contained in the chosen set. Hence a hub set of cardinality
p− 3 exists.

Conversely, if fewer than p− 3 vertices are chosen, then at least four vertices remain
outside the set. Among four vertices on a cycle, one can choose two non-adjacent vertices
whose two connecting arcs each contain at least one internal vertex outside the chosen
set. Hence no path between this pair has all intermediate vertices in the proposed hub
set. Thus every hub set has cardinality at least p− 3.

Therefore, in the fuzzy setting, the underlying minimal cardinality is still p − 3, but
the numerical hub number is obtained by minimizing the membership weight over all
such hub sets. Hence

h(Cp) = min

{∑
v∈D

µ(v) : D ⊆ V (Cp), |D| = p− 3, D is a hub set

}
.

Example 24. Consider the cycle ring fuzzy graph RFΓ shown in Figure 6.

RFΓ : (⟨5⟩, 0.3)

(Z35, 0.6)

(⟨7⟩, 0.4)

(⟨0⟩, 0.2)

u
u

u

u
�
�
�
�
��

\
\
\
\
\\

�
�
�
�
�
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@
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Figure 6: Cycle ring fuzzy graph associated with Z35.

From Figure 6, we obtain
h(RFΓ) = 0.2.

Theorem 25. Let RFΓ = K1,p be a star ring fuzzy graph with center ⟨u⟩. Then

h(K1,p) = µ(⟨u⟩).

Proof. Let
D = {⟨u⟩},

where ⟨u⟩ is the center of the star. For any two non-adjacent vertices in V (RFΓ)\D, the
unique path joining them passes through the center ⟨u⟩. Hence, D is a hub set of RFΓ.

Moreover, D is minimal, since removing ⟨u⟩ leaves the empty set, which is not a hub
set for a star graph with at least two leaves. Therefore,

h(K1,p) = µ(⟨u⟩).
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Theorem 26. Let RFΓ = (V,E, µ, σ) be a ring fuzzy graph of order p, and assume
0 ≤ µ(v) ≤ 1 for every v ∈ V . Then

1.
h(RFΓ) ≤ min

v∈V
wµ

(
V \N(v)

)
≤ p−∆N(RFΓ),

2.
h(RFΓ) ≤ min

v∈V
wµ

(
V \NRFΓ(v)

)
≤ p−∆N(RFΓ).

Moreover, equality in the unweighted cardinality part may occur for path-type ring fuzzy
graphs with constant membership values.

Proof. Choose v ∈ V such that dN(v) = ∆N(RFΓ) and put D = V \ N(v). Then
v ∈ D because N(v) is the open neighborhood. If x and y are non-adjacent vertices in
V \D = N(v), then x− v − y is a path whose only internal vertex is v ∈ D. Hence D is
a hub set. Therefore

h(RFΓ) ≤ wµ(D) =
∑

u∈V \N(v)

µ(u).

Since 0 ≤ µ(u) ≤ 1,

wµ(D) ≤ |D| = p− dN(v) = p−∆N(RFΓ).

This proves (i). The proof of (ii) is identical after replacing RFΓ with its complement.

Theorem 27. For any ring fuzzy graph RFΓ without isolated vertices,

h(RFΓ) ≤ p−∆E(RFΓ).

Proof. By the preceding theorem,

h(RFΓ) ≤ p−∆N(RFΓ).

Since ∆E(RFΓ) ≤ ∆N(RFΓ) under the adopted neighborhood convention, we obtain

p−∆N(RFΓ) ≤ p−∆E(RFΓ),

and the desired inequality follows. The assumption that there are no isolated vertices
ensures that the edge-neighborhood parameters are well-defined and nontrivial.

Theorem 28. For any ring fuzzy graph RFΓ,

h(RFΓ) ≤ p− δN(RFΓ).

Proof. The inequality follows from the sharper estimate

h(RFΓ) ≤ p−∆N(RFΓ)

and from ∆N(RFΓ) ≥ δN(RFΓ). Hence

h(RFΓ) ≤ p−∆N(RFΓ) ≤ p− δN(RFΓ).

65



M. Alsharafi et al. / Hub number in ring fuzzy graphs

Theorem 29. For any ring fuzzy graph RFΓ,

h(RFΓ) ≤ p− δE(RFΓ).

Proof. Since δE(RFΓ) ≤ δN(RFΓ), the previous theorem gives

h(RFΓ) ≤ p− δN(RFΓ) ≤ p− δE(RFΓ).

Theorem 30. For any ring fuzzy graph RFΓ ̸= Kµ or Cn without isolated vertices,

X(RFΓ) ≤ h(RFΓ) + t, t = min{µ(⟨v⟩) : ⟨v⟩ ∈ V (RFΓ)}.

Proof. Let D be a minimum-weight minimal hub set, so that wµ(D) = h(RFΓ), and
choose a vertex v with µ(v) = t. By the definition of the chromatic-type parameter used
here, adjoining one minimum-membership representative to a hub set gives an admissible
chromatic-type set. Therefore

X(RFΓ) ≤ wµ(D) + µ(v) = h(RFΓ) + t.

The exclusions RFΓ ̸= Kµ and RFΓ ̸= Cn avoid the degenerate cases in which the
adopted chromatic-type convention is attained without the additional representative ver-
tex.

Theorem 31. For any ring fuzzy graph RFΓ without isolated vertices,

X(RFΓ) + h(RFΓ) ≤ p.

Proof. Let D be a minimum-weight hub set. Under the normalization 0 ≤ µ(v) ≤ 1,
the complement V (RFΓ) \ D has weight at most p − wµ(D). By the chromatic-type
convention used in this paper, this complement is admissible as a chromatic-type set.
Hence

X(RFΓ) ≤ p− wµ(D) = p− h(RFΓ),

and consequently X(RFΓ) + h(RFΓ) ≤ p.

Theorem 32. For any ring fuzzy graph RFΓ without isolated vertices,

X(RFΓ) ≤ p− h(RFΓ).

Proof. This follows immediately from the previous theorem.

Theorem 33. For any ring fuzzy graph RFΓ without isolated vertices,

X(RFΓ) + h(RFΓ) ≥ β(RFΓ).

Proof. Let B be a maximum-weight independent set contributing β(RFΓ), and let D be
a minimum-weight hub set. The vertices of B either lie in a chromatic-type representative
set or are separated by paths whose internal vertices are contained in D. Thus the fuzzy
weight needed to account for the independent contribution is bounded above by the
combined weight of a chromatic-type set and a hub set. Therefore

β(RFΓ) ≤ X(RFΓ) + h(RFΓ).
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Figure 7: (a) Zero-divisor ring fuzzy graph associated with Z16; (b) ring fuzzy graph
associated with Z8.

Example 34. Let RFΓ = (V,E) be the ring fuzzy graph shown in Figure 7.

From Figure 7(a), we obtain

X(RFΓ) + h(RFΓ) = β(RFΓ) = 2.1.

From Figure 7(b), we obtain

h(RFΓ) = 0.5, β(RFΓ) = 0.2, X(RFΓ) = 0.2.

Hence,
X(RFΓ) + h(RFΓ) > β(RFΓ).

4 The Hub Number of Restricted Hyper-Totient Fuzzy
Graphs

Restricted hyper-totient graphs were introduced and studied in the literature as a number-
theoretic graph model with several structural properties and applications [22]. Motivated
by this development, in this section we investigate the hub number of certain restricted
hyper-totient fuzzy graphs.

Recall that if a finite graph Γ = (V,E) is a simple hyper-totient graph HTΓ whose
vertices can be labeled by a subset of the positive integers {1, 2, . . . , |V |}, then it is called
a restricted hyper-totient graph, denoted by RHTΓ [22].

Example 35. Let RHTΓ = R7 be the restricted hyper-totient fuzzy graph shown in
Figure 8.

From Figure 8, we obtain
h(RHTΓ) = 0.2.

Theorem 36. Let Rn be a restricted hyper-totient fuzzy graph, and let

C(Rn) = {a ∈ V (Rn) : {a} is a hub set of Rn}

be the set of one-vertex hub connectors. Then

h(Rn) =

0, if n = 1 or n = 2,

min{µ(a) : a ∈ C(Rn)}, if n ≥ 3.
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Figure 8: Restricted hyper-totient fuzzy graph R7.

In the standard restricted hyper-totient fuzzy graphs considered in this section, C(Rn) is
nonempty for every n ≥ 3; when every vertex is a one-vertex hub connector, the second
line reduces to min{µ(a) : a ∈ V (Rn)}.
Proof. Let Γ = Rn be a restricted hyper-totient fuzzy graph.

Case 1. If n = 1 or n = 2, then the underlying graph is complete. Hence there is no
non-adjacent pair of vertices that requires an intermediate hub vertex. Thus the empty
set is a hub set and h(Rn) = 0.

Case 2. Let n ≥ 3. By the arithmetic construction of Rn, there exists at least one
connector vertex a such that, for any two non-adjacent vertices x, y ∈ V (Rn) \ {a}, the
path x − a − y or a path whose only internal hub vertex is a exists in the underlying
restricted hyper-totient graph. Hence {a} is a hub set and C(Rn) ̸= ∅.

Since a hub number cannot be negative and the empty set is not a hub set when
n ≥ 3, every minimal hub set has fuzzy weight at least the membership of some one-
vertex connector. Conversely, for every a ∈ C(Rn), the set {a} is a hub set of weight
µ(a). Minimizing over all such connector vertices gives

h(Rn) = min{µ(a) : a ∈ C(Rn)}.

This also explains the structural intuition: the restricted hyper-totient construction con-
tains arithmetic connector vertices that mediate all non-adjacent pairs, so a single con-
nector vertex can control the hub structure.

Example 37. Let RHTΓ = Rn for n = 4, 5, 6, as shown in Figure 9.

From Figure 9, we obtain

h(R4) = h(R5) = h(R6) = 0.1.

5 Hub Number of Some Operations on Ring Fuzzy
Graphs

In this section, we study the hub number under several operations on ring fuzzy graphs,
including intersection, union, direct product, and direct sum. Our aim is to clarify how
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Figure 9: Restricted hyper-totient fuzzy graphs R4, R5, and R6.

these operations affect the hub number of the resulting ring fuzzy graph.
For the following results, the graph operations are understood on the underlying ring

fuzzy graphs together with the induced membership functions. When two graphs are
combined on a common vertex set, we assume that the membership function on common
vertices is the same unless otherwise stated. For product and direct-sum constructions,
we explicitly assume that the relevant ring isomorphism preserves the vertex-membership
values. These compatibility assumptions are necessary because the hub number is a
weighted parameter and need not be invariant under a purely set-theoretic operation
that changes memberships or removes crucial edges.

Theorem 38. Let RFΓ1 and RFΓ2 be two ring fuzzy graphs associated with Zn and Zm,
respectively, where n and m are prime numbers. Then

h(RFΓ1 ∩RFΓ2) = 0.

Proof. Since n and m are prime, the corresponding ring fuzzy graphs are complete. Hence,

h(RFΓ1) = 0 and h(RFΓ2) = 0.

Therefore, the intersection graph is also complete, and so

h(RFΓ1 ∩RFΓ2) = 0.

Theorem 39. Let RFΓ1 and RFΓ2 be two ring fuzzy graphs on a common vertex set
and with a common membership function µ. Let D1 and D2 be minimum-weight hub sets
of RFΓ1 and RFΓ2, respectively. If D1 ∩D2 is a hub set of RFΓ1 ∩RFΓ2, then

h(RFΓ1 ∩RFΓ2) ≤ min
{
h(RFΓ1), h(RFΓ2)

}
.

Proof. By assumption, D1 ∩ D2 is a hub set of the intersection graph. Since the mem-
bership values are nonnegative,

wµ(D1 ∩D2) ≤ wµ(D1) = h(RFΓ1)
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and similarly
wµ(D1 ∩D2) ≤ wµ(D2) = h(RFΓ2).

Hence
h(RFΓ1 ∩RFΓ2) ≤ wµ(D1 ∩D2) ≤ min{h(RFΓ1), h(RFΓ2)}.

Remark 40. The compatibility assumption in the preceding theorem cannot be omit-
ted. Intersections delete edges and may create additional non-adjacent pairs; therefore, a
hub set for each factor need not remain a hub set for the intersection. This is why the
statement is formulated with the explicit requirement that D1 ∩ D2 is a hub set of the
intersection graph.

Theorem 41. Let RFΓ1 and RFΓ2 be two ring fuzzy graphs on a common vertex set
with the same membership function. Then

h(RFΓ1 ∪RFΓ2) ≤ min
{
h(RFΓ1), h(RFΓ2)

}
.

Consequently, the weaker bound h(RFΓ1 ∪RFΓ2) ≤ h(RFΓ1) + h(RFΓ2) also holds.

Proof. Let D1 be a minimum-weight hub set of RFΓ1. If x and y are non-adjacent in
RFΓ1 ∪ RFΓ2, then they are non-adjacent in RFΓ1. Since D1 is a hub set of RFΓ1,
there is an x–y path in RFΓ1 whose internal vertices lie in D1. This path is also present
in the union graph. Hence D1 is a hub set of RFΓ1 ∪RFΓ2, and

h(RFΓ1 ∪RFΓ2) ≤ wµ(D1) = h(RFΓ1).

Repeating the same argument with a minimum hub set of RFΓ2 gives the stated minimum
bound.

Theorem 42. Let RFΓ1 and RFΓ2 be ring fuzzy graphs associated with Zn and Zm,
respectively. If gcd(n,m) = 1 and the Chinese-remainder isomorphism preserves the
induced vertex-membership values, then

h(Zn × Zm) = h(Znm).

Proof. If gcd(n,m) = 1, then by the Chinese Remainder Theorem

Zn × Zm
∼= Znm.

Let ϕ : Zn×Zm → Znm be this isomorphism. The induced map sends subrings of Zn×Zm

bijectively onto subrings of Znm and preserves adjacency in the associated subring graph.
By the stated compatibility assumption, it also preserves vertex-membership weights,
i.e., µn×m(A) = µnm(ϕ(A)). Therefore hub sets correspond bijectively and with the same
fuzzy weights. Taking minima over corresponding hub sets yields

h(Zn × Zm) = h(Znm).

Example 43. Consider the ring fuzzy graphs shown in Figure 10, corresponding to Z3×Z4

and Z12.
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Figure 10: Ring fuzzy graphs associated with Z3 × Z4 and Z12, respectively.

From Figure 10, we obtain

h(Z3 × Z4) = h(Z12) = 0.6.

Theorem 44. Let RFΓ1 and RFΓ2 be ring fuzzy graphs associated with Zn and Zm,
respectively. If the natural isomorphism between the finite direct sum and direct product
preserves the induced vertex memberships, then

h(Zn ⊕ Zm) = h(Zn × Zm).

Proof. For two finite rings, the direct sum and the direct product have the same under-
lying algebraic structure. The natural isomorphism induces a bijection between the cor-
responding subring vertices and preserves adjacency. Under the membership-preserving
assumption, corresponding hub sets have identical fuzzy weights. Hence the minima
defining the two hub numbers are equal, and

h(Zn ⊕ Zm) = h(Zn × Zm).

Theorem 45. If gcd(n,m) = 1, then

h(Zn ⊕ Zm) = h(Znm).

Proof. By the previous theorem,

h(Zn ⊕ Zm) = h(Zn × Zm).

Since gcd(n,m) = 1, Theorem 3.4.4 yields

h(Zn × Zm) = h(Znm).

Therefore,
h(Zn ⊕ Zm) = h(Znm).
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Example 46. Consider the ring fuzzy graph shown in Figure 11, corresponding to

Z2 × Z2
∼= Z2 ⊕ Z2.
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Figure 11: Ring fuzzy graph associated with Z2 × Z2 = Z2 ⊕ Z2.

Thus,
h(Z2 × Z2) = h(Z2 ⊕ Z2) = 0.4.

6 Conclusion
In this paper, we introduced and investigated the hub number in the setting of ring fuzzy
graphs. After presenting the basic definitions and preliminary concepts, we established
explicit results for several important classes of ring fuzzy graphs, including complete,
path, cycle, and star ring fuzzy graphs. In each case, the hub number was characterized
in terms of the structure of the underlying graph together with the membership values
of the corresponding fuzzy vertices.

We also studied general properties of the hub number and derived several useful
bounds involving the complement graph, neighborhood parameters, edge-neighborhood
parameters, and related graph invariants. In addition, connections between the hub
number and other graph-theoretic quantities, such as domination and chromatic-type
parameters, were examined through theoretical results and illustrative examples.

Furthermore, the concept was extended to restricted hyper-totient fuzzy graphs, where
we obtained a simple characterization of the hub number and supported the result with
representative examples. We also investigated the behavior of the hub number under sev-
eral graph operations on ring fuzzy graphs, including intersection, union, direct product,
and direct sum, and showed how these operations influence the corresponding hub-number
values.

Overall, the results obtained in this work demonstrate that the hub number provides a
meaningful structural parameter for the study of ring fuzzy graphs and related classes of
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algebraically defined fuzzy graphs. The methods developed here may be extended to other
graph families arising from algebraic structures, and they open the way for future work
on hub-related parameters in more general fuzzy, intuitionistic fuzzy, and algebraic graph
settings. A further direction is to investigate hub-type and labeling-type parameters on
new families of triangular windmill graphs and related triangular cactus structures, in
view of recent combinatorial work on triangular windmills and variable windmills [23,24].
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