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Abstract

Among the most famous equations in theory of shallow water waves are Whitham-Broer-
Kaup equations (WBKEs) which are defined as a system of coupled nonlinear partial
differential equations that describes the propagation of shallow water waves, incorporating
different dispersion relations and diffusion powers. In this paper we use Aboodh transform
in residual power series method to get a new technique, called Aboodh residual power series
technique (ARPST). This technique and together with Caputo fractional operator provide
us some analytical and numerical solutions of WBKESs by calculating the coefficients of
the power series. We will use ARPST to get the solutions for WBKESs in two cases, with
the perfect initial condition and approximate initial condition. For showing ARPST’s
capability, efficiency and reliability, we describe graphically numerical results for analytical
solutions and compare our solutions with other obtained solutions of WBKEs by using
Adomian decomposition Method, the optimal homotopy asymptotic method and the
Sumudu decomposition method.
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1 Introduction

The theory of partial fractional differential equations (PDEs) became important part
in mathematical sciences where PDE is considered a good description for many models,
objects movements and fluid flows in some fields such as electrical networks, physics,
engineering, groundwater problems, fluid mechanics, medicine and polymer science [1]-[4].
In theory of wave motions and shallow water waves, there are several PDEs that are
represented and considered as the most important equations in fluid theory, physics and
mathematics. among the most famous equations of these equations are WBKEs which
are defined as a system of coupled nonlinear partial differential equations that describes
the propagation of shallow water waves, incorporating different dispersion relations and
diffusion powers. This system is developed by Whitham, Broer, and Kaup [5, 6, 7| where is
used in nonlinear physics and fluid dynamics to model phenomena such as wave behavior in
theory of shallow water waves. It has been demonstrated that the non-linear development
of shallow water waves in fluid dynamics is accurately described by the coupled WBKEs
[8] which is given by, in classical order for the phenomenon,

{31/27(’/1, Vo) + 7(v1,12)0,, T(v1, v2) + O (V1 12) + 58317'(”1, vy) =0

1
Oy (v1,10) + 0y, [T(v1, 10)T (11, 1)) — ﬂ@glw(yl, ve) + 6'8317(1/1, vy) =0 (1)

where 0, := 87, 7 denotes the horizontal velocity of the fluid, m denotes the height
velocity of the fluid that both of which differ significantly from their equilibrium states and
B, 8" represent various diffusion powers. Over the past few decades, the investigation of
non-linear PDEs has become a major focus of research. Numerous authors have developed
various mathematical methods to analyse approximate solutions of these equations. For
instance, Mohyud Din et al. [9] explored the analysis of several integer-order PDEs using
homotopy perturbation techniques. In solving the coupled set of Burgers and Brusselator
equations, Biazar and Aminikhah [10] employed perturbation techniques. Yuzbasi and
Sahin [11] presented some solutions for the one-dimensional parabolic convection-diffusion
model problems Yang [12] introduced a new integral method to solve the steady heat-
transfer problem. Ahmad et al., [13] introduced perturbation method Caputo-Fabrizio
PDE. Kumar [14] introduced a powerful method to solve non-linear singular boundary
value problems. Various studies have been introduced to investigate solutions for the
non-linear WBKEs (1). Mohyud Din et al. [15] utilized perturbation methods. Xie
et al. [16] explored solutions using hyperbolic techniques. Ahmad et al.[17] used both
the Adomian decomposition method and He’s polynomial to solve WBKEs (1). For
mathematical systems and modeling in theory of fractional differential equations, several
fractional integrate and derivative operators were introduced studied to describe the
various material-hereditary properties of processes. Many efficient techniques and methods
have been introduced and investigated in getting approximate solutions of physical and
biological FPDEs such as the sine-Gordon expansion method for solving WZ system
models [18], Laplace transform method [3], the reproducing kernel Hilbert space method
with Fornberg-Whitham type equation [19], homotopy perturbation method [20], fractional
Newton method [21], an extended direct algebraic mapping method [22|, the expansion
method [23], a monotone iterative method with reaction diffusion equation [24], a modified
Adams—Bashforth method [25], variational iteration method [26] with two systems, with
telegraph equation [27] and with non-local fractional equation [28]. The technique ARPST
is one of these techniques which was used in solving some fractional differential equations
such as Noor et al., [29] solved one-dimensional nonlinear shock waves by ARPST. Liaqat et
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al., [30] developed a analytic technique ARPST to solve the CTFPDEs. Edalatpanah and
Abdolmaleki, [31] solved the N-Wh-S equation. Liaqat et al., [32] solved the Black—Scholes
differential equations. Yasmin and Almuqrin, [33] used ARPST to solve some fractional
differential equations.

Consider the following Caputo WBKESs in fractional order of the form:

(2)

Dy m(v1, v2) + (v, 12) 0, T(V1, v2) 4 Opy (1, 12) + B@flT(Vl, V) =0
‘D w(vr,v2) + Oy, [T(11, vo)m(v1, 1)) — B, T(v1,10) + B0 T(11,1v2) =0

where “D;; is the Caputo fractional derivative of order 0 < w < 1. Some techniques and
methods have been used in solving the Caputo WBKEs (2) such as Adomian decom-
position Method [34], the OHAM [35], the Sumudu decomposition method [36], Yang
transformation coupled with the Adomian technique [37], g-Homotopy Analysis Transform
Method [38], natural decomposition method [38], the scaling transform method|39], rede-
fined quintic B-spline basis and Von Neumann technique [40], the residual power series
method[41] and Laplace transform coupled with Adomian decomposition method [42].

In this paper, we investigate and introduce the efficiency and analytical scheme of
ARPSM by calculating analytical solutions of Caputo WBKESs (2). Section 2 provides
some the basic facts and definitions concern Caputo fractional differential operators and
Aboodh transom. We proved some theorems about Aboodh transom. In Section 3 we
present the ARPST steps. Section 4 uses ARPST in getting the analytical solutions of
Caputo WBKEs (2) with two cases, with perfect initial condition and with approximate
initial condition. Section 5 presents some numerical solutions graphically and compares
these solutions with other solutions of (2) that were obtained by Adomian decomposition
Method (ADM) [34], the OHAM |[35] and the Sumudu decomposition method (SDM) [36].

2 On Caputo operator

Consider [ is an interval in R and 7 is any continuous map on I x [0,00). Then the R-L
derivative operator, [43|, of 7(v, 12) of order w > 0 is defined by

Dy 1m(v,1n) =0, L, 7(v1,1n) n—1<w<n (3)

[t )
where n € N and Zp? is the R-L integral operator, [44], of 7(v1,v) of order w is defined by
1 vz
—_— vy —0)* I (1y,0)dh, w>0
T2 7(m,m) = { T(w) /0 e =070

T(v,1), w=0.

(4)

The Caputo differential operator, 45|, for 7(v1, 1) of order w is defined by

Igg_wagJ(Vl, 1), n—1l<w<n

0, 7(vi,1e), weN,

‘D T(v1,12) = { (5)

For v, > 0 and for n — 1 < w < n, by [45] we have “Dj, T2 7(v1, 10) = 7(v1,12), “Di vy =
N(w+2)  ~v—w
v.

T(y—w+2) 2 and

i
L

Il‘i;C'DZJQT(Uh V2> = 7'(1/1, V2> + aﬁQT(yb y2) 7

vo=0

iy
o
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where v > —1, c € R is a constant and n € N.

Let 7(v4, v2) be a map and of exponential order p on I x [0,00). The Aboodh transform
Aoy [29], of (v, 15) according to vy is recalled by

1 o0
T2 (11, 0) == AT (v1, 10) = ;/ e 27 1(v1,1n)dvy p1 <o < po. (6)
0
The inverse Aboodh transform A} of 7472 (1, o) according to o is given by
1 d+ico
T(vi,ve) = A, L2 (1, 0) = —/ oe”2 142 (1) o) do. (7)
2mi d—ioco

Lemma 2.1. [32] Let 7,7 : I x [0,00) — R be two maps on I x [0,00). Then

1. Apolaim(vr,12) + com(vy, 10)] = 1 AvoT(V1,12) + oA, om(11, 172), Where ¢; and ¢
are constants;

2. A;;U[ClAVQUT(Vl, Vo) + o Ay,om (11, )] = e17(v1, 1) + cam(vy, 112), where ¢ and ¢y

are constants;

3. Ay Ly T(v1,10) = o~UTA2 (v 0);

4. Avyo [“DE (11, 10)] = 09742 (11, 0) — Z;:& o TI7200 (11, 1) m—1l<w<
v2=0

Recall [33] that the form of the power series is presented by

Z Tj(Vl)(VZ - V20)jn = TO(Vl)(l/g — 1/20)0 + 7'1(1/1)(1/2 — 1/20)” =+ ’7‘2(1/1)(y2 — y20)2” + ... (8)

J=0

where vy = (v11, 19, -+, V1,) € R",n € N. The MFPS denotes the multiple fractional of
power series about 15y with v, and the terms 7;(14).

Lemma 2.2. Let 7 be a map of I x [0,00) into R. Then
k—1
Apo [“DET(01,1)] = ™72 (11, 0) = o F 72 DI (14, 1) (0<w<1)(9)

Vo—
3=0 ’

Proof. To prove the relation (9), we will use the induction. If £ =1 and since 0 < w < 1
in (9) then from Lemma above we have

Ay [CDfZT(Vl, 1/2)] = 0“2 (1, 0) — 0* 727 (1, 0). (10)
If k =2, let w(v1,1,) = “Dy, 7(v1,12). By (10) above we have
Ao [CD;’27T(1/1, 1/2)} = o“n2 (v, 0) — 0¥ 27 (vy, 0)

= UMAVQUCIDZJQT(VD 1/2) - 0'“)72 CIDZJQT(I/l, 1/2)

v9=0

= g% [OWTAVQ(I/l, o) — 0“7 (1, O)] — ¥ 2 Dy (v, 1)

(11)

vo=0

— 0'2("}7'AIQ<I/]_7 U) - O—QW_QT(Vly 0) - 0—“)_2 CD‘:QT(V]J VQ)

vo=0
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If (9) is true at & = m then we have

—_

Avyo [CDZZWT(Vl, 1/2)} = o™ (o) — g(m=iw=2 CDi;”T(Vl, ) : (12)

v2=0

3

Il
o

J
We show that (9) holds at & = m + 1. Let m(v1,1n) = “D}¥7(1v1,12). By (10) and (12)
we have

Ay [CD];;JT((Vl, 1/2)} =A,, [CDfZW(Vl, VQ)] = O'w’]TAVz(l/l, o) — O'W_Qﬂ'(l/l, 0)

= 0Y AL, DT, v2) — 0¥ 7% DT (11, 1)

Vo=

=0

m—1
O_mWTAVQ o (m—j)w—2 CD]w (Vla 1/2)
vo=0

Jj=0

B CD;ZMT(VD Vo)

v2=0
_ O_(m+1)w7_Ay2 § 0.(m+1 Jw— ZCD]w <V17V2) (13)
vo=0
w—2 cTyw
—0 Dy 7(v1, 14)
v2=0
m
m+1)w, Av m+1—j)w—2 cyjw
omberAva (o) — E ot D=2 DIV (17, 1) .
j=0 .
k—1
_ O.kwTsz(Vh O') _ E 0-(k—])w—2 CDIJ/L;T(Vh VQ) )
§=0 .
Then (9) is true. O

Lemma 2.3. Let 7 be an order-exponential map of R™ x [0,00) into R. The MFPS
notation for 742 is given by

Az/ o
2(v,0) = Z ]n+2 o >0, (14)

j=0
where vy = (v11,19, -+ , 1) € R",n € N.

Proof. By using the Taylor series we get

n 2n
(1, 1v2) =fo(V1)+f1(V1)F(n—il)+fz(V1)m+ (15)
Hence
n 2n
Ause™(00,2) = A o) + (01) G200 + o) s

i P(n+1 r(2n +1
0( 1) + iy )%—l—ﬁ(ul)a%élﬂn@njl) N (16)
0

O
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Lemma 2.4. Let 7 be an order-exponential map of R” x [0, 00) into R. Then

lim o?7%2(vy,0) = 7(1y,0) for ally; € R™.
g—00

Proof. Put 7(v1,0) = fy(11) to obtain the desired. O

Theorem 2.5. Let 7 be an order-exponential map of R” x [0, 00) into R. Then

A (y §:££g 0<w<1) (17)
for all 11 € R" and o > 0, where f;(v1) = 8707 (v1, 1») o
Proof. The form of Taylor’s series is given by
fi) = 5 (,0) 0 o) = o foln) = g fom) = (19
Use the limit of (18) at 0 — oo
filr) = Uh_)ngo [a"+27"4”2(y1, o) —o"fo(n)] . (19)
By Lemma 2.2
fi(n) = UILm 0°Ayyo [0 T (11, 10)] - (20)

By Lemma 2.4 we have fi(v1) = 0, 7(11,0). Similar, the form of Taylor’s series of f will
be

Faln) = 7T 0, 0) = 0 folon) = " (1) = o) = fal) = oo (21)
Take the limit of (21) when ¢ — oo to obtain
fo(rn) = lim [0® 2742 (1, 0) — 0" fo(n1) — 0" f1 ()] - (22)

g—00

By Lemmas 2.2 and 2.4 we have fo(v1) = 0207(11,0). By the continuity, we indicate that
fi(n) = 057 (11, 0). O

In theorem above we get

[e.9]

1
Ao [CD;’ZT(Vl, VQ)] = Z pr CD]‘" (v1,172)

7=0

0<w<1)

v2=0
for all v; € R™, 0 > 0 and the inverse Aboodh transform will be

°© CDIZ;)T(Vla VQ)

20 (0<w<1)

T, ve) = T(jw +2) 2

J=0

for all v; € R™ and vy > 0.
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Theorem 2.6. Let 7 be an order-exponential map of R x [0, 00) into R. If

0" Av. [CDI(/Z—i_l)wT(Vl,VQ)] ‘ <M

for all 0 < 0 < ¢ and 0 < w < 1 then the residual Res, (v, o) of MFPS satisfies

M
|IRes, (v1,0)| < gyt
Proof. Use form of Taylor’s series as
Resn(yh U) = TAV2 Z ?Jw?Z (23>

By Theorem 2.5 we have

n CDZ‘;T(Vl, 0)

Res,(v1,0) = 72 (vy, 0) + — (24)
= glwt
Multiply (24) by ¢+« to get
U(n—H)wResn(Vl,U) ot w Auz (1n,0) + Zg(n+1 Fw— 2cDJw (11,0). (25)
By Lemma 2.2 we have
o VYRes, (11,0) = Apyy [CDI(,ZH)WT(Vla )] - (26)
Hence
(n—i—l wRGSn(Vl, ‘ _ ’AIQU [CD(TL—H) 7—(,/17V2>] ‘
' M
That is, |Res,(v1,0)] < pupEs L O

3 The ARPST steps
Consider Caputo WBKES :

CDfQT(Vb Vo) + 7(v1, 1) 0, T(V1, o) + Oy (V1 12) + 58317'(%; vy) =0
‘D w(v1,10) + Oy, [T(v1,10) T (1, 10)] — BOL T(v1,10) + B2 (11, 1v2) =0 (27)
7(11,0) = ug(ry), w(11,0) = vo(11)

where 0 < w < 1. Take the Aboodh transform A,,, of (27)

Ao [CD“’ T(v1, 1/2)] = —Auo [T(11,10)0,T(V1,10)] — Ao [0y, T (11, )]
5141/20[ T (V1,V2)}

Ao [CD (v, VQ)] = —A,,. [0y, [T(v1, 1) (11, 10)]] + BAL. [ (v, 1/2)}

- 5,Au2a [ wn T <V17V2)]
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By Lemma 2.1, A,,, for the left side of (28) will be

Ao [CD‘;QT(Vl, 1/2)} = ot (1), 0) — 0 e (1))

o (29)
Avyo ‘Do (11, 12)] = 0“2 (v, o) — 0 ug(1y).
Then from (28) and (29) we get
1 1
P2 (0,0) = Tuo(18) — 5 A [ A7 (2 (1,0) 0 A7 (7411, )]
1 v /8 v
- 1/20 [alllAugcr( A 2<V170))} - 1/20 [83 1/20( A 2<V170>)}
o ] 1 o (30)
WAVZ(VD U) = ;UO(Vl) - ;AWU [am [A;210<7TAV2 (Vla U))Ay_glo(TAVz(Vla 0-))”
B y o v
+ O—_wAVQU [83 AVQO’( A 2(U170))] - ow V20' [ai 1/20'( A 2(V170))] ‘
The analytical solutions 742(11, o) and 74%2(1, o) for (28) are given by
1 = ui(v)
Av _ J
T 2(1/1;0') = ;uo(m) + Zl W
X = ) (31)
Av: _ Uj 2!
7% (1, 0) = ;vo(m) + > g
=

By Lemma 2.1 and the initial condition in (27), we get that the partial sums sequences
<7'Tf"’2>n€NU{O} and <7r;?”2>n€NU{O} of (31) as solutions of

1 " uy(v
A2y, o) = ;uo(l/l) + Z j.( )

' gJw+2
o (32)

Vi 7/
Av E J 1
Ty 2<V17 ) Vl + O-jw—i—? :

Construct the residual maps of Aboodh transform, A,,Q(,Res T, and A, Res m,,,, for
(30) as follow:

1

A
1/2( ;

AVQJ'RGS Ty =T V,0) —

00(10) + — A [ A (7 (01,0))0, Ay (71, 0))]

p

+ AV20 [aVlAVQU( AV2(V17O-))} + oW AV?J [83 AVQG( AVZ(Vlvo-))}

1 1
A,,WRes Ty = 77AV2<V17 o) — ;Uo(yl) + g_wAVzo [81/1 [A;;a(WAVZ (v1, ‘7>>A;210(7-Ay2<7/17 U))”

D A (B4 0, 0] + A [0, AL, o)

and the n-th Aboodh residual functlons Ao Resy Ty, are

1 1

szoResn Tovy = TAVZ (Vlv U) - —2u0(1/1) + _Al/ch [AVQU(TT/?V2<V U))aVlAVQU( 7;4112<V17 0))}
o o¥

1

+ ow AV2U [al/lAuga'( TI?W(Ul’O-))] + 0_6 AV2U [83 Auga( ;:‘llz(y U))]
1 1

Ao Resy Ty, = WAVQ(VM o) — _QUO(Vl) + _wAVth [81/1 [A;zla(ﬂrlew(l/lv 0))‘4;210(77;4”2(’/17 0))”
g

A B oo (35,472 (2 (1, 0))]

- aw V20' [ag 1/20'( 7114V2( 170-))j| +

\
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It is clear that A,,, Res 7,,,, =0 and A,,, Res m,,,, = 0. Also, we have

lim A,,, Res,, 7,,,, = Au,o Res 7., and  lim A,,, Res, 7., = A,,, Res .,
n—oo n—oQ

forallo > 0. If

lim 0214,,20 Res 7,,,, =0 and lim 0'2141,20 Res m,,, =0
T—00 o—00

then

lim 0'2141,20 Res,, 7y, =0 and lim (7214,,20 Res,, m,1, = 0.
o—00 T—00

In general, if

lim 0™*24,,, Res 7,,,, =0 and lim 6™"2A,,, Res 7,,,, =0,
o—00 0—00
then
lim 0™*"?A,,,Res, Ty, =0 and lim ™2 A, , Res, ., =0
foralln =1,2,3,--- and 0 < w < 1. To calculate the coefficients wu,(v1) and v, (v1), we

use the iterative method in the following:

Uh_)rglo o™ 2 A, s Resy Ty, = 0 and 011_%10 o™ A, Resy Ty, =0 (33)
for all n = 1,2,3,---. Put the coefficients, u, (1) and v,(r1) in (32) to get the n-th

Av2(y o) of (30). Finally, by using the inverse

Av2(y, o) we get the n-th proximate solutions

A2 (py,0) and )
Aboodh transform of 72%2(vy,0) and m

7 (v1,12) and 7, (v1, 1) of (27).

proximate solutions 72

4 Some applications

In this section we use ARPST above to get analytical solutions of Caputo WBKEs (2)
where =0 and ' = 1. Firstly, we use ARPST to get the solution with the approximate
initial condition that obtained via the Taylor series for third order. Consider the following
Caputo WBKEs

‘D m(vi,v2) + T(v1,12) 00, T(V1,v2) + Oy (11, v2) = 0
‘D w(v1,v0) + O, [T(v1, )T (1, 1)) + 05 T(v1,10) =0

> (34)
7(v1,0) = —0.2576 4 0.014481; — 0.0019v73
7(11,0) = —0.01448 + 0.0038v; — 0.001447.
Take Aboodh transforms on (34) to obtain
1
T2 (1), o) = = [—0.2576 + 0.01448v; — 0.0019v7 |
1 1
- FAZQU [Azjzla(TAV? (V17 U))&ﬂ A;glo(TAV? (V17 U))} - O-_UJAVZU [81/1 A;210<7_‘_Az/2 (Vh 0))]
1
2 (1, 0) = = [—0.01448 + 0.0038r; — 0.001447]
1 1
— Ao (00, [Are (72 (11, 0)) Ay (72 (11, 0)) ]| = —o Ao (05, ALy (T2 (1, 0))]
(35)
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and the partial sums sequences and <7T7‘?V2> are given by

< o >n€NU{0}

neNU{0}
1 ui(vy)
Av - Yi\71) 1
(1, 0) = p= — [~0.2576 + 0.01448v; — 0.001927] + Z g
(36)
Avy = L 10.01448 + 0.00381, — 0.00144 v (1)
T (1, 0) = o2 ol b + Y1 vi +Z itz
The n-th constructions of (35) are given by
1
7 (1n,0) = — [—0.2576 + 0.01448v1 — 0.001947 |
g
1 — V2 V2 1 Vo
- ;Avw [Augla(Tri‘ (v1,0 ))8V1Au20< 714 (1/1,0))} T AVQO' [8V1Auga( ;1 (Vlaa))}
1
w2 (1, 0) = = [—0.01448 4 0.00381; — 0.0014407] (37)
g

- U—lwAuza [0, [A;.. (72 (v1, 0)) A, L (722 (1, o))]]

Voo
1

— — Ao (03 A
o

oo (T2 (11, 0))]

forn =1,2,3,---. The Aboodh residual maps A,,,Res 7(v1,0) and A,,,Res 7(v1,0) for
(35) will be

1
AmRes Torws = T2 (11, 0) — = [—0.2576 + 0.01448v;, — 0.001907 |
+- Am (A (7472 (11,0))8,, A, (7472 (11, 0)]

+ FAZQU [81’1 A;glcr(ﬂ-Aw (Vlv 0))]

Ao Res Ty = 7% (17, ) — % [—0.01448 + 0.0038v; — 0.0014427 ] o
b A [0y [AZL (01, 0)) A (7411, 0))]
b A [, AL (0, 0)]
with the n-th Aboodh residual maps
Ao Resy Ty, = T2 (11, 0) — ai [—0.2576 + 0.01448; — 0.0019v7 |
¥ A (AL (1 (0n,0))0 A (7% (01,0))]
¥ Ao [0 A (1 (1, 0))] (39)
AmResn Ty = T22(1y, o) — % [—0.01448 + 0.0038v; — 0.001447]
¥ A [0, AL (7% (0n,0))]
forn =1,2,3,---. Next find the terms of (u,), o0y and (Un) ey PY using the relation
Uh_)lgo o™t A, Resy Ty, = 0 and Uh_>nolo o™t A, Resy Ty =0 n=1,2,3 - (40)
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At n =1, by using (36) we have

1
7214, 0) = —5 [~0.2576 + 0.0144801 — 0.001907] + %
and
Avs 2 v1(11)
T2 (11, 0) = — [—0.01448 4- 0.0038; — 0.0014417] + oo
From (39) we have

u(v) 1 Av
AV2UR681 Tviv, = W + O-_wAVQU [A 2

1/20(7-1 (Vh ))alllAz/go( AVQ(Vh U))}
+ Al/za [aquuga( Ayz(’/lva))]

v (v 1
Ao Res) Ty = ;ij} — Ao [0 (AL (02 (1, o)) AL (712 (14, 0)) ]
AVQ

1
+ e AV2U [81?/) Auga( 1 (V170>>]

This implies

1

ApaRes1 Ty, = — 05 [ul(ul) — 0.0011862 — 0.001693761; — 0.000082081>

+ o.ooooomuﬂ

e [(0 0144 — 0.00381; )uy (1) + (0.2576 + 0.01441;, — 0.001902)0,,, uy ()

+ 61,1111(1/1)] + 03i+2 [U1(V1)3zi:1<i;(il)11;2(2w - 1)}

1

(41)
ApgRes) Ty = —5 [vl(ul) — 0.001187392 — 0.000906352v1 — 0.000083868/2

+ 0.0000109441/1]
1
+ s [( 0.2576 + 0.0144801 — 0.001902)8,,01(11) + ( — 0.01448 + 0.00384
g w
L [ Oy, (ua (v1)v1 (1)) (2w + 1)
2 3 1
_ 0.00144%)3”1%(;/1) + aylvl(yl)] + = [ B 117
Multiple both sides of (41) by 6“2 and by (40) we have
u1(v1) = 0.0011862 + 0.001693761, + 0.000082081/? — 0.000007221/f
vi(v1) =

42

) = 0.001187392 + 0.0009063521 + 0.000083868V12 — 0.0000109441/f. (42)
At n =2, by (36) we have

i

1
11,0) = —5[~0.2576 + 0014481 — 0.0019v5] + wln) | ua()

O—w+2 0—2w+2

and

Vo 1 vi(v1) | va(1n)
T (1, 0) = —5[0.01448 +0.0038v, — 0.0014407] + —=22 + — o0
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The eq. (39) becomes
Ul(l/1> UQ(Vl) iA [A

O—w+2 02w+2 ow

+ Al/20 I:aVlAZ/QU( o (V17 U))}

wla) | ebn) 1, (00, [Ava (572 (11, 0)) Ay (7372 (11, 0))] ]

0-w+2 O-2w+2 ow

73" (11,0))00 Ay (173 (11, 0))]

l/20’(

A,,NResQ Torwy =

Ao Ress Ty, =

1
+ FAVQU [al?: AVQO'( 214”2(1/17 0-)):|

Similarly, we have
uy(v1) = —1.3718 x 107%2* 4+ 2.09091 x 10~ "z — 6.15428 x 10~ %z?

— 0.0001377362 + 0.001346352
~7,.4 —6,.3 ~7.2 (43)
v9(v1) = —1.55952 x 10~ ‘2" 4+ 1.85379 x 10~ "z” — 8.6685 x 10~ 'z

+ 0.00001z + 0.000219056.

Put the values of (un),enuqoy and (Un), ey I (31) to obtain

, —ui(vy) 1 1 1
TA 2(1/1,0') - Z m - ﬁuO(Vl) + O'w+2U1(V1) -+ WUQ(Vl) + -

J=0

1
= —[—0.2576 4 0.01448v; — 0.0019v7]

44
+ +2{ — 0.0011862 4 0.00169376v; + 0.00008208v7 — 0.00000722u§} (44)
0—0.)
+—— [ — 13718 x 10782 + 2.09091 x 10~ 72
o w42
— 6.15428 x 107%2? — 0.0001377362 + 0.001346352| +
and
AV2 - . 1 1
i =3 U - L)+ (1) () o
7=0
= —[—0.01448 4 0.0038»; — 0.0014417]
ag
1 5 3 (45)
g {0.001 187392 + 0.000906352v; + 0.000083868v7 — 0.000010944u1}
+ 5 [ — 1.55952 x 10~ 72" + 1.85379 x 107°z" — 8.6685 x 10~ "2
0— w
+ 0.00001z + 0.000219056.| +
Take the inverse Aboodh transform of (44) and (45),
7(v1, 1) = —0.2576 + 0.01448v; — 0.0019v7
+ r(—2+1){ — 0.0011862 4 0.00169376v; + 0.00008208v7 — 0.00000722u13}
w
V2w (46)
+—2 [ —1.3718 x 107 82* +2.09091 x 10 "2® — 6.15428 x 10 622
(2w +1)

— 0.000137736z + 0.001346352] + e
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and
(v, 1) = —0.01448 4 0.0038v, — 0.00144y12

w

+ r(—2+1) {0.001 187392 + 0.000906352v; + 0.000083868v7 — 0.000010944@}
w
VQUJ (47)
+—2 [ —1.55952 x 10~ "2* 4+ 1.85379 x 107 %22 — 8.6685 x 10~ "2
I'(2w+1)

+ 0.00001x + 0.000219056.] +

Here we will find the analytical solution of the Caputo WBKESs (2) with the exact
initial condition. Consider the following Caputo WBKEs

“Dy, T(v1,v2) + T(v1,12)0,, T(V1, 1) + Oy T (v1,12) = 0

‘D (w1, v2) + Oy, [T(v1, v2)T(v1,10)] + O3 T(11, 12) =

7(v1,0) = 0.005 — 0.2 coth(0.124 + 1) (48)
7(v1,0) = —0.02 csch(0.1vy + 1).
Recall [36] that if w = 1 then the exact solution of (48) is
7(v1,0) = 0.005 — 0.2 coth(0.14, — 0.000515 + 1) (49)

7(v1,0) = —0.02 esch(0.1v, — 0.0005v5 + 1).
Use Aboodh transforms on (48) to obtain

1
42 (1, 0) = = [0.005 — 0.2 coth(0.1v; + 1)]

—iAW; [A

O—Ld

1

(TAVZ(V U))aVlAVQO'( AVZ(VDU))} - s AVQU [aVlAVQO'( AVQ(V170)>]

Voo

1
2 (v, 0) = = [—0.02 csch(0.1v, + 1)]

1 — Vo - Vo 1 2
A [0 [ASA 0, ) AL (0, 0)]] = — A [, A7 (2 (,0)].
(50)
The partial sums sequences <7'A”2> nENU(0) and <7T;§‘”2> nenufoy A€ given by
u;(v
A2 (1 o) = [O 005 — 0.2 coth(0.1vy + 1)] + Z 0-]]w+12)
1 vi(11) &)
Ty o) = —5 [0.02 esch(0.1v +1)] + Z ;]w;
The n-th constructions of (50) are given by
1
A2 (y) o) = = [0.005 — 0.2 coth(0.1v; + 1)]
1 1
- ;Avw [A;;(r(ﬂfw(’/b ))81/1141/20( 7?”2(’/1?‘7))} T AV20 [81/1141/20( ;141/2(”1"7»}
1
2 (), o) = o [—0.02 csch(0.1vy + 1)] (52)
1 v - 12
= Ao [0 [Asg (0 (11, 0)) AL (7 (11, 0)) ]
1

= A [0, AL (7 (1, 0))]
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for n = 1,2,3,---. The Aboodh residual maps, A,,,Res 7(v1,0) and A,,,Res m(vy,0)
for (50) will be

1
AyyoRes Ty = 742 (01, 0) — = [0.005 — 0.2 coth(0.11; + 1)]
g

1
+ _AVQO' [AVQU( Ave (V U))aylAVQU( AVQ (yl’ U))]
+ AVQU [8 AVQU(T('AVQ(Vl,O'))]
| (53)
AZ,QURes T = T2(11,0) — — 5 [=0.02 csch(0.1vy + 1)]
02

+ %Am 0., [A).
g

oo (T2 (01, 0)) AL (7472 (11, 0) )]

1 — v
+ FAIQG' [alzlel/210'<TA 2<V17 U))i|
with the n-th residual maps
1
A,,QC,Resn Torvy = TAVQ (vy,0) — — [0.005 — 0.2 coth(0.1; + 1)]
o
+ AVQO' [AV U(TAVQ(Vlﬁ ))8V1AV20'( ';L4V2(V1’ U))i|
1 %
+—= aw Al/zU [al’lAllgcr( A 2(V170-))} (54)
1
Ao Resy Ty, = ’/TAVQ(Vl, o) — — [—0.02 csch(0.1vy + 1)]
o
1 %
+ — oW AV2<T [83 AI/QO’( A 2(7/170-))}
forn=1,2,3,---. Find the terms of (u,),cyu0p and (Vn),enuqoy Py using the following

lim 0™%2A,,,Resy Ty, = 0 and lim 0™ 2A,, ,Res, Ty, =0 n=1,2,3,--- (55)

g—00 g—00

At n =1, by using (51) we have

1
2 (1, 0) = =3 [0.005 — 0.2 coth(0.1 + 1)] + ugliilz)
and 1 ( )
waz(l/b U) — ; [—0.02 cseh(0.11/1 + 1)} + Ualwilz :

Also (54) becomes

uy (v 1
AR T = W) L A (AL (7201, 00)0 AT (7701, 0)]
+ Al/za [8V1Auga(7riqy2(’/1> 0))}

v (v 1
AvResy Ty = ) 1 LA [0, [AZ (1, 0) AT ({01, )]

¥ A [0, AL (0, 0)]

1/20(
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This implies

Ao Rest Ty, = [ul(i/l) + 0.0001 cschQ(O 1y +1)

w+2
— 0.004 coth(0.1v; + 1) csch®(0.1v; + 1) + 0.002 coth(0.1v; + 1) esch(0.1v, + 1)]

1
o2w+2

[0 02 esch?(0.1v1 + Lyuy (1) + (0.005 — 0.2 coth(0.1v; + 1))duy (1)

1 [ur ()0, ur (1) (2w + 1)
g3wt? ['(w+1)2
1

e [vl(yl) —0.0004 csch®(0.1v; + 1))
+ 0.002 coth(0.124 + 1)) esch(0.1v4 + 1))(0.005 — 0.2 coth(0.124 + 1))
—0.0008 csch?(0.1v; + 1)) coth?(0.1v; + 1)) + 0.0004 csch® (0.1, + 1))

+ 87)1(V1):| +

Az/gaResl Tvivy = (56)

+ %H [ayl[(o.005 — 0.2coth(0.1v; + 1)))or ()]
g

— 0,,10.02 csch(0.1vy 4+ 1))usy(v1) + ai’lul(yl)}

1 {8,,1 (u1(v1)v1 (7)) (2w + 1)]
o3wt2 ['(w+1)2

By multiplying both sides of (56) by 0“2 and by (55) we have

uy(v1) = 0.004 coth(0.1v; + 1) esch®(0.1v; + 1) — 0.0001 csch?(0.1v; + 1)

— 0.002 coth(0.1v; + 1) esch(0.1vy + 1)

v1(v1) = 0.0004 csch®(0.1v; + 1) (57)
— 0.002 coth(0.1v4 + 1)) esch(0.1v4 + 1))(0.005 — 0.2 coth(0.124 + 1))

4 0.0008 csch?(0.1v; + 1)) coth?(0.1v; 4 1)) — 0.0004 csch*(0.1v; + 1)).

At n =2, by (51) we have

(51 (1/1 ) (%) (Vl )
0—w+2 O-2w+2

1
Ay, o) = 2[0.005 —0.2coth(0.1vy +1)] +

and
U1 (Vl ) V2 (1/1 )
0—w+2 0-2w+2 :

1
3 (11, 0) = ;[—0.02 csch(0.1vy + 1)) +

Eq (54) becomes

AVQUR€S2 oy = Ul(yl) + UQ(Vl) + O_—lwAy2g |:A 7_2,4112(1/17 ))aylAy2U< AVQ(Vl,O'))}

gwt2 o 2w+2 l/20<
1

+ AVQO’ I:aVlAV20'< 5 (Vl? U)):|
1
AMR%N%W=“@“+W@”+_#%J@J&WW$mmwqu§mem1

w+2 02w+2 ow

¥ A [0, AL (7 (1,0))]
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Similarly, we have

uy(v1) = —0.0040001 csch?(0.1v; + 1) coth(0.1v; + 1) 4 0.0001 csch?(0.1v; + 1)
+ 0.002 coth(0.1v1 4 1) csch(0.1vy + 1)

— 0.000088 csch*(0.1z4 + 1) coth(0.1v; + 1) + 0.0000022 csch?(0.1v; 4 1)
+0.000044 csch®(0.1v; 4 1) coth(0.1v; + 1)

, 58
—0.00016 coth®(0.1v; 4 1) esch?(0.1v; + 1) (58)
+0.000008 coth?(0.1v; + 1) esch®(0.1z4 + 1)

4 0.00004 coth®(0.1v; + 1) csch(0.1z; + 1)
—0.000001 csch®(0.1v; + 1) — 0.000001 coth®(0.1v + 1) esch(0.1zy + 1)
and
vy(v1) = —0.000072 csch® (0.1, + 1) coth?(0.1v; 4 1) — 0.000008 csch®(0.1z; + 1)
+0.000002 csch?(0.1z; + 1) coth(0.1v; + 1)
+0.00072 csch?(0.1v, + 1) coth?(0.1v; + 1) + 0.000396 csch*(0.1v; + 1)
4 0.0002 csch®(0.1v; + 1) + 0.0002 coth? (0.1 + 1) csch(0.1v; + 1)
— 0.0000004 coth® (0.1, + 1) csch(0.1v; + 1) (59)
— 0.0000008 coth® (0.1, + 1) csch?(0.1v, + 1)
— 0.000008 csch®(0.1v; 4 1) — 0.000008 coth* (0.1 + 1) csch(0.1v; + 1)
— 0.000016 csch*(0.1z4 + 1) coth?(0.1, + 1)
—0.000032 coth®(0.1v; + 1) esch?(0.1v; + 1) + 0.000008 csch®(0.1, + 1))
+0.00002 csch?(0.1v; + 1) coth(0.1, + 1)
Next put the terms of (un),cnuroy 20d (Un)enuqoy i (31) to get
Avs _ - uj(yl) o 1 1
T (1, 0) = Z gets = FUO(VI) + 0w+2u1(yl) + Wug(yl) R
7=0
1
= —10.005 — 0.2coth(0.1v + 1)) + — {0.004 coth(0.1v1 + 1) esch?(0.1vy + 1)
o o¥
—0.0001 csch?(0.1 + 1) — 0.002 coth(0.1; + 1) esch(0.1p; + 1)}
1
+ = [ —0.0040001 csch?(0.1v; + 1) coth(0.124 + 1) 4 0.0001 csch?(0.1z; + 1)
o w
+ 0.002 coth(0.1v; + 1) esch(0.14 + 1) (60)

— 0.000088 csch*(0.1v; 4 1) coth(0.1v; + 1) + 0.0000022 csch*(0.1z4 + 1)
+0.000044 csch?(0.1v; + 1) coth(0.1v; + 1)
—0.00016 coth®(0.1v, + 1) csch?(0.1v; + 1)

+0.000008 coth?(0.1v; + 1) esch®(0.1z + 1)

+0.00004 coth® (0.1 + 1) csch(0.1v; + 1)

—0.000001 csch®(0.1v; 4 1) — 0.000001 coth? (0.1 + 1) csch(0.1v; + 1)] + -
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and

, () 1 1 1
2 (1, 0) = Z O-Jjw+2 = ;?}0(1/1) + Uw+2v1(1/1) + Wvg(yl) +--
=0

1
= —5[=0.02 csch(0.11y + 1)] +

— {00004 cseh?(0.101 + 1)
—0.002 coth(0.124 + 1)) esch(0.1v4 + 1))(0.005 — 0.2 coth(0.124 + 1))
+0.0008 csch?(0.1; + 1)) coth?(0.101 + 1)) — 0.0004 csch? (0.1, + 1))}

1
+ =75 | — 0.000072 esch®(0.104 + 1) coth?(0.1x4 + 1) — 0.000008 esch®(0.1x; + 1)
o w

+0.000002 csch?(0.1v; + 1) coth(0.1v, + 1)

+0.00072 csch?(0.1z; + 1) coth?(0.1v + 1) + 0.000396 csch*(0.1z + 1)
4 0.0002 csch®(0.1v; + 1) 4 0.0002 coth?(0.124 + 1) csch(0.1vy + 1)

— 0.0000004 coth®(0.1v; + 1) csch(0.1zy + 1)

— 0.0000008 coth®(0.1v; + 1) esch?(0.1v; + 1)

— 0.000008 csch®(0.1v; + 1) — 0.000008 coth®(0.1v, + 1) csch(0.1z4 + 1)
—0.000016 csch®(0.1v; + 1) coth®(0.12 + 1)

—0.000032 coth*(0.1v; + 1) csch?®(0.1v; + 1) 4 0.000008 csch®(0.1v; + 1))

+0.00002 esch?(0.1 + 1) coth(0.1p; + 1)} .
(61)

Use the inverse Aboodh transform of (61) and (60),

w

(11, 1) = 0.005 — 0.2 coth(0.11y + 1) + ﬁ{o.om coth(0.1v1 + 1)

csch?(0.1vy + 1) — 0.0001 csch?(0.1v; + 1) — 0.002 coth(0.14 + 1) esch(0.1v; + 1)}

2w

+ ﬁ [ — 0.0040001 esch?(0.1v1 + 1) coth(0.1v4 + 1) + 0.0001 esch?(0.11 + 1)

+ 0.002 coth(0.1v4 4 1) csch(0.1v; + 1)

—0.000088 csch*(0.1v; + 1) coth(0.1; + 1) + 0.0000022 csch*(0.1z; + 1)
+0.000044 csch®(0.1v; + 1) coth(0.1v; + 1)

—0.00016 coth® (0.1 + 1) csch®(0.1v; + 1)

4 0.000008 coth?(0.1v; + 1) esch?(0.1z + 1)

+0.00004 coth®(0.1v; + 1) esch(0.1vy + 1)

—0.000001 csch®(0.1v; + 1) — 0.000001 coth?(0.11 + 1) esch(0.1uy + 1)| + - --
(62)
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Figure 1: ARPST graphs for solutions (62) and (63) with v, = 1 and some values of 1,

and w.

and

7(v1,v9) = —0.02 csch(0.1vy + 1) + ﬁ

— 0.002 coth(0.1v; + 1)) esch(0.14 + 1))(0.005 — 0.2 coth (0.1 + 1))
4 0.0008 csch?(0.1v; + 1)) coth?(0.1v; + 1)) — 0.0004 csch*(0.1v; + 1))}

1/%“
F'2w+1)
— 0.000008 csch®(0.1v; + 1) 4 0.000002 csch?(0.1v; + 1) coth(0.1v; + 1)
4 0.00072 csch?(0.1v; + 1) coth?(0.1v; + 1) 4 0.000396 csch®(0.1v; + 1)
+0.0002 csch?(0.1v; + 1) + 0.0002 coth? (0.1 + 1) csch(0.1v; + 1)

— 0.0000004 coth®(0.1v; + 1) csch(0.1z; + 1)

— 0.0000008 coth® (0.1 + 1) csch?(0.1v; + 1)

— 0.000008 csch®(0.1; + 1) — 0.000008 coth®(0.1z4 + 1) esch(0.1v; 4 1)
—0.000016 csch*(0.1v; 4 1) coth?(0.1z; + 1)

— 0.000032 coth®(0.1v; + 1) esch?(0.1z4 + 1) + 0.000008 csch®(0.1, + 1))
+0.00002 csch®(0.1; + 1) coth(0.1v; + 1)] b

{0.0004 esch®(0.1, + 1)

+ [ —0.000072 esch®(0.11 + 1) coth?(0.11 + 1)

(63)

Table 1: Comparing absolute errors of ARPST solution 7(v1,15) at w = 1, with ADM
[34], OHAM [35] and SDM |[36] in Caputo WBKEs (34).

V1 Vo ARPST ADM [34] OHAM [35] SDM [36]
0.1 0.1 3.01653 x 10~ 12 8.16297 x 107 6.35267 x 10~ ° 5.55112 x 10~ 17
0.3 2.01534 x 10~10 7.64245 x 107 1.90854 x 104 5.55112 x 1017
0.5 3.30171 x 10~11 7.16083 x 10~7 3.18548 x 10~ 4 6.55134 x 10—16
0.2 0.1 4.00331 x 1079 3.26243 x 10~ 6 6.18931 x 10~ P 1.11022 x 10— 16
0.3 2.30154 x 10~13 3.05458 x 10~6 1.85945 x 10~ % 1.11022 x 10—16
0.5  4.12461 x 10~12 2.86226 x 10~ 3.10352 x 10~ 7.77156 x 10~16
0.3 0.1 5.65473 x 10~ 1T 7.33445 x 1070 6.03098 x 10~° 0
0.3  7.39784 x 10~13 6.86758 x 10~ 1.81187 x 104 1.11023 x 10—16
0.5 1.39861 x 10~10 6.43557 x 106 3.02408 x 10~* 6.66133 x 10~ 16
04 01 429713 x 1079 1.30286 x 10—° 5.87749 x 10—° 0
0.3  3.30984 x 10~12 1.22000 x 10—5 1.76574 x 10~ % 5.55112 x 10~17
0.5 1.35641 x 10~11 1.14333 x 105 2.94708 x 10—4 6.10623 x 10~16
0.5 0.1 5.29813 x 10~ 10 2.03415 x 10~ ° 5.72865 x 10~ % 0
0.3  9.38964 x 108 1.90489 x 10—5 1.72102 x 10—4 1.11020 x 10—16
0.5 3.87681 x 10~ 11 1.78528 x 10—5 2.87240 x 104 6.10623 x 10—16
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Figure 2: ARPST graphs for solutions
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Figure 3: ARPST graphs for solutions (62) and (63) with v, = 3.

Figure 5: Surface plot of solution (62) and (63) with v, = 2.
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Table 2: Comparing absolute errors of ARPST solution 7(vy, 15) at w = 1, with ADM
[34], OHAM [35] and SDM [36] in Caputo WBKEs (34).

Vi

V2

ARPST

ADM [34]

OHAM [35]

SDM [36]

0.1 0.1 3.14371 x 10~ 5.88676 x 10~° 1.65942 x 10—° 3.46945 x 10~ 18
0.3 4.21892 x 10~16 5.56914 x 10—° 4.98691 x 105 5.20417 x 10—17
0.5 1.34711 x 10~15 5.27169 x 10—° 8.26491 x 10~ 4 3.60822 x 10—16
0.2 0.1 9.08933 x 10~ 13 1.18213 x 10~ % 1.06812 x 10— ° 6.93889 x 10~ 18
0.3 8.26574 x 1012 1.11833 x 10~% 4.83269 x 1075 4.68375 x 10~17
0.5 1.28756 x 10~11 1.05858 x 104 7.94290 x 10—4 3.46945 x 10~16
0.3 0.1 4.28943 x 10~ 1.78041 x 10~ % 1.55880 x 10—° 6.93889 x 10— 18
0.3  3.10897 x 10~11 1.68429 x 10— 4 4.68439 x 10~° 3.98986 x 10~17
0.5 6.30101 x 10~13 1.59428 x 10~% 7.63646 x 10~4 3.22659 x 10—16
04 0.1 420243 x 10~ 1 2.38356 x 104 1.51135 x 10—° 5.20417 x 10~ 18
0.3  3.30384 x 10~12 2.25483 x 10~4 4.54174 x 1075 3.46945 x 10~17
0.5 7.21901 x 10—14 2.13430 x 104 7.34471 x 10~4 3.05311 x 10—16
0.5 0.1 6.35163 x 10~ 12 2.99162 x 10~% 1.46569 x 10—° 1.73472 x 10~ 18

0.3
0.5

3.28964 x 10~13
5.10971 x 10—11

2.83001 x 104
2.67868 x 10~4

4.40448 x 105
7.06678 x 10~*

4.16334 x 10~17
2.87964 x 10~16

Figure 6: Surface plot of solution (62) and (63) with v, = 3.

5 Numerical discussion

In this section, we will introduce the solutions (62) and (63) of Caputo WBKEs (34) as
numerically and graphically by giving some fractional-order values w in Figures (1)-(5) and
in Tables (1), (2). Table (1) presents the dynamical behaviour of the analytical solutions
of Caputo WBKESs (34) where involves some comparisons fro the absolute error of the
ARPST solution 7(14, 12) and the exact solution at w = 1 with the obtained solutions of
Caputo WBKESs (34) by ADM [34], OHAM |[35] and SDM [36]. Table (2) presents the
dynamical behaviour of the analytical solutions of Caputo WBKESs (34) where involves
some comparisons fro the absolute error of the ARPST solution 7 (v, 1) and the exact
solution at w = 1 with the obtained solutions of Caputo WBKEs (34) by ADM [34],
OHAM [35] and SDM [36]. Figure (1) presents some curves of the numerical solutions
7(v1,12) and (v, 15) for (34) with v = 1 and some values of w. Similarly, Figures (2)
and (3) present some curves of the numerical solutions 7(v1, 12) and 7 (vy, v») for (34) with
vo = 2 and vy = 3, respectively. Figure (4)-(6) presents some surface plots of ARPST
solutions for Caputo WBKEs (34) with w = 1.0, w = 0.75, w = 0.5, w = 0.25 and
vy =1,2,3,
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6 Conclusions

We noticed from Tables (1), (2) that the approximate solutions of Caputo WBKESs (34)
obtained from ARPST are not more accurate than the solutions resulting from SDM [36],
but they are considered better and more accurate than the solutions resulting from the
other methods ADM [34] and OHAM [35]. So anyway ARPST is considered efficient to
examine the numerical solutions of Caputo WBKESs and its reliability provides approximate
solutions that with numerical simulations present good discussion.
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