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Abstract

This paper introduces a comparison between the Picard—Lindelof method (PIM) and the
Adomian decomposition method (ADM) for solving second-order nonlinear differential
equations. Both methods are applied to selected test problems to evaluate their accuracy
and convergence rate. The Picard method is employed as an iterative scheme for suc-
cessive approximations, while ADM provides a decomposition-based approach to handle
nonlinearities. Numerical results indicate that both methods are effective, yet their per-
formance varies depending on the form and complexity of the nonlinear terms. Through
Examples 1-4, the paper presents a comparison between the two methods with respect
to the exact solution.
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1 INTRODUCTION

Second-order nonlinear differential equations play a fundamental role in modeling com-
plex physical, biological, and engineering systems. Their analytical treatment is often
challenging due to the interaction between nonlinear terms and variable coefficients. In
particular, the presence of singular structures within the domain may significantly influ-
ence the convergence behavior of approximation techniques [1, 2|. Iterative procedures
remain among the most reliable approaches for handling such problems. The classical
Picard iteration method is based on successive approximations and provides a construc-
tive framework for analyzing existence, uniqueness, and convergence of solutions [3-5].
Despite its conceptual simplicity, its rate of convergence may vary depending on the struc-
ture of the nonlinear components. An alternative analytical strategy is the (ADM), which
constructs the solution in a rapidly convergent series without requiring linearization or
perturbation assumptions [6-8|. The method has been successfully applied to a wide class
of nonlinear ordinary differential equations, including problems with singular coefficients
[9, 10]. Although both methods are grounded in iterative concepts, the differences may
arise in their computational efficiency and convergence characteristics. Previous com-
parative investigations have reported close relationships between the two approaches in
certain classes of problems. In this work, we examine second-order nonlinear differential
equations under both regular and singular settings. A systematic comparison between
the (PIM) and the (ADM) is presented through selected test problems, and the numerical
results are evaluated against exact solutions whenever available

y' +pa)y =h(z)+qlz,y), (1.1)
y(0) = c1,9 (0) = ¢

Where ¢(z,y) is nonlinear function and p(z), h(x) are given functions and A, B , are con-
stants. In recent years a large amount of research developed concerning picard method ,
and the related modification to investing various scientific models. Large classes of lin-
ear and nonlinear differential equations can be solved using the picard iteration method
and the Adomian decomposition method. The (PIM) was first compared with (ADM)
by Rach and Sarafyan on a number of examples. Golberg showed that the (ADM) ap-
proach to linear differential equations was equivalent to the classical method of successive
approximations (PIM) [11-13].

2 ANALYSIS OF THE METHOD

In the process of solving nonlinear second-order ordinary differential equation, we focus
on equation of the form given in (1.1), we get

Ly = h(zx) + f(z,y). (2.1)

Where the differential operator L is defined by

d d
) = 7fp(x)d$_ fp(m)dm_ .
L(:)=e e (). (2.2)
The L~ is i )
0 0
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Applying L™ of (2.3) to the two terms of (1.1) we obtain
y=w(@)+ L (h(z)) + L7 f(z,y). (2.4)
Where Lw(z) = 0, from (2.4) we obtain
yo = w(x) + L7 ((x)) (2.5)

in particular, we define

Yns1 = 10 + / e Ip)e / eI PO f (1 y Vdede, >0 (2.6)
0 0

2.1 The ADM

The (ADM) usually formulates the equations in an operator form by considering the
highest order derivative in the problem. We can write Eq. (1.1) as follows:

Ly = h(z) + q(z,y), (2.7)
where d d
D = o Jr@dz = [p(x)ds =

we obtain Eq. (2.3).
By applying L~! on (1.1), we have

y=w(@)+ L h(x) + L™ q(z,y), (2.9)

where w represents the constants of integration, determined by the initial or boundary
conditions depending on whether the problem is an initial-value problem or a boundary-
value problem [11-13|. In ADM, the solution y is expressed as an infinite series:

W) = (o). (2.10)
n=0
The nonlinear term ¢(z,y) is then represented by an infinite series as:
q(z,y) = f:An, (2.11)
n=0
Substituting Eq. (2.11) and Eq. (2.12) into Eq. (2.10) becomes
f: Yp = w(z) + L h(z) + L1 f: A, (2.12)
n=0 n=0

This leads to the recursive relationship for the solution:
yo = w(a) + L™ h(w),

Yo1 =LY An, n>0. (2.13)
n=0



W. A. AL Rashid et al. / Approximate Solutions for Some Nonlinear Second-Order
ODFEs

From Eq. (2.13), we obtain:

Yo = w + L_lh(a:),

y; = L™ Ay,
y2 = LilAl;
Y3 = L_1A27

Where A,,’s represent the Adomian polynomials. The first few Adomian polynomials are
given by:

Ao = F(yo),
Ay =y F' (o),

1
As = yo F' (o) + ay%F”(yo),

1
Az = yzF/(yo) + ylyZF//(yl)) + yy%F”/(?JO)» (2.14)

3 APPLICATIONS

In this section we will present some examples through which we compare the methods of
Picard and Adomian along with the exact solution.

Example 3.1
Consider the following nonlinear second-order ordinary differential equation:

7
y" 4+ Ey/ = dze” + 166" — 2 + y2 (3.1)

With initial conditions:

The exact solution is:

Solution using PIM
The differential operator of (3.1) is

and the inverse operator is

L) = /0 z /0 27(-)dz.

Eq. (3.1) can be rewritten in a simplified form:
z? z? 222 2
Ly = 4ze™ + 16e™ — ™ +y~. (3.2)

4
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Applying the operator to obtain the solution components:

1522 423 72t
4 LTRA 3.3
6 Tar T TH (3.3)

Using the Picard Method, we define the following iteration scheme:

y=1+

1522 4x3  Txt

Yo =1+ 6 +2—7+%, Yni1="Yo + L'y
Further Expressions:
%:1+$L+gf+1W#'
27 320
ygzl+x2+@f+%i
27 5

Solution using ADM

We now solve Equation (3.1) using the Adomian decomposition method. We can rewrite
(3.1) as:
Ly = dze” + 166" — 2 + ¢, (3.4)

The corresponding inverse operator is given by

L) = $_7% (x7%(')) :

Applying L' to (3.4) and using the initial conditions, we get

150>  4a® Tt
é +é%+é%+L”@mﬁ+i%ﬁ—¥ﬁ+f)- (35)

ylx) =1+

By assuming that:
(@) = yalw).
n=0

By substituting in the equations, we get:

> 1522 423 T2t >
n =1 - 4+ — 4! A, l.
g;%y @ =l+T5+or 30 F (;é% )

Where

1522 423 T2t >
= 1 —_— —_— n - Lil An 3
Yo + 16 + 57 + 20’ Yn+1 (Z >

n=0

Where the Adomian polynomials are given by:
An =12

The first few components of the Adomian polynomials are:
AO = yg

A1 = 2yoyr.
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As = 2yoys + 3/%-

Hence:
14 1522 4x3  Tat
Yo = 16 27 " 20
- x? n R
=167 64
Y2 = O@M)
So,
43 1272
_ 1 2 | AT O (212
y(z) =yo+ 1+ 42 +x +27+ 390 + O(x™7)

Table 1: The comparison between exact solution y(z) = ¢** and PIM, ADM.

X Exact | PIM ADM | Exact-PIM | Exact-ADM | PIM-ADM
0.0 | 1.00000 | 1.00000 | 1.00000 0.0000 0.0000 0.0000
0.1 | 1.01005 | 1.01019 | 1.01019 | 0.000137981 | 0.000137669 | 0.0000003125
0.2 | 1.04081 | 1.04183 | 1.04182 | 0.00101441 | 0.00100941 | 0.000005
0.3 | 1.09417 | 1.09724 | 1.09721 | 0.00306572 | 0.0030404 | 0.0000253125
0.4 ] 1.17351 | 1.17972 | 1.17964 | 0.00621061 | 0.00613061 | 0.00008
0.5 | 1.28403 | 1.29352 | 1.29332 | 0.0094931 0.00929779 | 0.000195313
0.6 | 1.43333 | 1.44384 | 1.44344 | 0.0105106 0.0101056 | 0.000405
0.7 | 1.63232 | 1.63685 | 1.6361 | 0.00453859 | 0.00378828 | 0.000750313
0.8 | 1.89648 | 1.87969 | 1.87841 0.016789 0.018069 | 0.00128
0.9 | 2.24791 | 2.18044 | 2.17839 | 0.067468 0.0695183 | 0.00205031
1.0 | 2.71828 | 2.54815 | 2.54502 | 0.170134 0.173259 | 0.003125
L r
11
§ 23 J
1 ‘
\ 4 ;" ————— Exact
'\-_‘1. 2_[' - il
o / PIM
]
N, 15 / ADM
W,
1 1 h".h..'-"l"— —'.-‘-ff i
-1.0 -0.5 0.5 1.0
Figure 1: The exact solution y = ¢**, PIM and the ADM solutions.
Example 3.2

We study the following second-order nonlinear differential equation:
” 1, 9 22 z? 2 2
Yy o+ -y =x%e? +22 +e" +y. (3.6)
x

6
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With initial conditions:

Solution using PIM

From (2.2) the differential operator becomes such as,

Where

And their inverse operators are given by:

L) = xx*1 Ix(ﬁhdx
I

Applying the corresponding inverse operators, we obtain:
y=L""y,.
Thus, solving for the particular solution:

14 3zt n 76 n 318 . 11210
Yo= 2T 55 T 588 T 1024 38400

14 x? N 3t N 1725 N 1728 N 133210
91 = 4 32 576 4608 307200

14 x? n xt . 2 n 16928 n 61210
Y2 = 4 8 32 36864 102400

14 x? N xt N 1925 N 5a8 N 1273210
Ya = 4 8 576 1843200024 = 1843200

1y x2 . r? n 1926 n 9128 n 1310
Yo = AT T T 76 T 18432 T 18432

14 x2 N r? N 1926 N 9128 N 217210
Y= T T T 76 T 18432 T 307200

(3.7)
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Solution using ADM

Now we will solve (3.6) using the Adomian decomposition method. We can rewrite (3.6)

as: , , )
Ly = 2?7 + 27 4+ ¢ + 42
And 4 d
()= 1 2 p—
(=Ll

Applying on the (3.6) and using the initial conditions, we get:

11210

38400

() 1+3x4+7x6+3x8
x) = —+ —
y 32 288 ' 1024

By assuming that:
y(x) = yal).
n=0

By substituting in the equations, we get:

0 6 o
2 : 2, T 1 2 :
Where

IE6 _ >
y0:x2+@7 yn—i-l:L 1<ZATL>7

n=0

Where the Adomian polynomial is given by:

Few components of the Adomian polynomials are:

+ Lt (x267 127 4+ + y2) .

Ag = yg
A = 2Yoth
Hence:
1 3t N 78 N RY 11210
Y= T30 T 988 T 1024 T 38400
_a? N 20 N T8 310
U= T 792 T 9216 T 20480
28 210
Y2 =96 T 3810
xﬁ xl()
Y= 576 T 6400
So,
(@) =0ttty =14t O LT 8Ta”
T) = = — ==t =
Y Yo+ Y1+ Y2 T+ Y3 4 32 24 6408 102400

(3.9)

(3.10)
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Table 2: The comparison between exact solution y(x) = ez , PIM and ADM.

12
Figure 2: The exact solution y = ez, PIM and the ADM Solution By assuming that

-1.0

Y= neoUn(2)-

Example 3.3
We consider the nonlinear singular initial value problem [14].

-0.5

With initial conditions:

1.0

y = —4(2e¥ + e?)

X Exact PIM ADM | Exact-PIM | Exact-ADM | PIM-ADM
0.0 1.0 1.0 1.0 0. 0. 0.
0.1 | 1.00501 | 1.00251 | 1.00251 | 0.00249999 0.0025031 0.00000311633
0.2 1.0202 | 1.0102 | 1.01015 | 0.00999922 0.0100487 0.0000494476
0.3 | 1.04603 | 1.02354 | 1.02329 0.022491 0.0227379 0.000246878
0.4 | 1.08329 | 1.04334 | 1.04257 | 0.0399486 0.0407139 0.000765247
0.5 ] 1.13315 | 1.07085 | 1.06903 | 0.0623006 0.0641228 0.00182223
0.6 | 1.19722 | 1.10783 | 1.10416 | 0.0893912 0.0930563 0.00366509
0.7 | 1.27762 | 1.1567 | 1.15015 0.120923 0.127473 0.00654976
0.8 | 1.37713 | 1.22075 | 1.21003 0.156377 0.167095 0.0107184
0.9 1.4993 | 1.30441 | 1.28804 0.1948K88 0.211265 0.0163771
1.0 | 1.64872 | 1.41363 | 1.38996 0.235092 0.258766 0.023674
" 16 ‘
§ L r
. 15¢
14} Exact
1.3 Picard
1.2} ADM
R

The exact solution is given by:

y(z) = —2In(1 + 2?).
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Solution using PIM
From Eq.(3.11) the differential operator becomes such as,

L(-) = —4(2¢" + €?)

We can rewrite the equation as:

Ly = —4(2¢¥ + e2). (3.12)
Where p p
L — -2 7 27
y=2 d:tx dx’

Applying the corresponding inverse operators, we obtain:
y =L (—4(2e% +e'%)). (3.13)

Thus, solving for the particular solution:

e
yQ:—2x2+x4—4—§6 %xS
y32_2x2+x4_27x6 9128:28
y4:—23:2+:v4—2?x6+%8

Solution using ADM

Now we will solve Eq. (3.11) using the Adomian decomposition method. We can rewrite

the system as:
Ly = —4(2¢Y + %) (3.14)

And their inverse operators are given by:

y(a:):—Q<x2———|———%8+x——x—+...). (3.15)

By assuming that:
(@) = yal).
n=0

By substituting in the equations, we get:

10
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4 6 8 10 12

> T T T T T >
n e R e ! A, l.
nzzoy(x) <x R 6>+ (;)
Where

Yo = —22% Yoy =L (Z A”) )

n=0

Where the Adomian polynomials are given by:
A, = (2e¥ + 7).

Few components of the Adomian polynomials are:

Yo

Ag = (2" +e2).

1
Al = y1(26y0 + 561170)

Hence:
Yo = —272
Yy = z*
225
w=g
28
Ys = ?
So,
24 6 .8 10 12
R I e N
y(x) (:E 5t il 5 5 )

Table 3: The comparison between exact solution y(z) = —21In(1 + z?) and PIM, ADM.

X Exact PIM ADM Exact-PIM | Exact-ADM | PIM-ADM
0.0 0.0 0.0 0.0 0. 0. 0.
0.1 | -0.19062 | -0.0199007 | -0.0199007 0.17072 0.17072 3.96667x 1011

0.2 | -0.364643 | -0.0784414 | -0.0784414 | 0.286202 0.286202 3.95947x107®
0.3 | -0.524729 | -0.172353 | -0.172355 0.352375 0.352373 2.18481x107°
0.4 | -0.672944 | -0.296803 | -0.296839 0.376141 0.376105 0.0000363506
0.5 | -0.81093 | -0.445964 | -0.446273 0.364967 0.364657 | 0.000309245
0.6 | -0.940007 | -0.613106 | -0.614799 0.325208 0.325208 0.00169305
0.7 ] -1.06126 | -0.789509 | -0.796194 0.265063 0.265063 0.00668525
0.8 | -1.17557 | -0.961277 | -0.98132 0.194254 0.194254 | 0.0200432

0.9 | -1.28371 | -1.10296 -1.14829 0.135419 0.135419 0.0453282

1.0 | -1.38629 | -1.16667 -1.23333 0.152961 0.152961 0.0666667

11
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10 -05 jag '\\iﬁ 1.0
=04 N === Exact

06! \

PIM
-0.8
-10¢ ADM
! -1.2} v
! -1.4 ‘

Figure 3: The exact solution y(z) = —21In(1 + z?), PIM and ADM.

Example 3.4
In what follows, examples of this type are considered.

y' +2xy =62+ 62 — 2% + 47, (3.16)

’

y(0) =0, y(0)=0,
where the exact solution is
y(z) = z”.
Solution using PIM

From (2.2) the differential operator becomes such as,

d »d
L()=e 3.17
H=er Loty (3.17)
Ly = 6z + 62° — 2° + ¢°. (3.18)

The inverse operator L~! ,as follows,

/ / (y" + 2xy d:zcdx—/ / (62 + 62 — 2% 4+ y*)dxdx
/ / ) dwdz, (3.19)

from (3.19) we have that:

zt 325 22% 27 3a® ¥ 2%
> "0 15 tutwo w2
and
Yni1(2) = yo + L7y
Approximations to the solutions are as follows:
2t 325 22 27 2% 11321
> 770 15 14735 12600
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Solution using ADM

Now we will solve (3.16) using the Adomian decomposition method.

d »d
L()=e"
()=e™ —e" (),
Ly = 6z + 62° — 2° + ¢°. (3.21)

Where

/ / ‘(v + 2zy)dwde = / / (62 + 62 — 2° 4+ y*)dwdx
/ / *)dwd, (3.22)

from (3.22) we have that:

() 3,7 3z° 2x6+a: +3x8 oz
TrT) =X _—— — — _— _— e — —
o 2 10 15 14 280 72 225’
and

Yni1 = L' = LA,

Using the Adomian Decomposition Method, we compute the next terms in the series:

2 ¥ 89x10

n@) =55+ 75~ o600

And finally, the general solution:

y(x)=yo+uyi +y2+ ...

So
xt 35 228 27 a8 113210

5 710 15 14735 12600

13
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Table 4: The comparison between exact solution y(x) = z* | PIM and the ADM.

X Exact PIM ADM Exact-PIM Exact-ADM | PIM-ADM
0.0 | 0.000 0.0 0.0 0.0 0.0 0.0
0.1 | 0.001 | 0.00104687 | 0.00104687 | 0.0000468741 | 0.0000468741 | 0.0000
0.2 | 0.008 | 0.00869645 | 0.00869645 0.00069453 0.000696453 | 0.0000
0.3 ] 0.027 | 0.0302412 0.0302412 0.00324124 0.00324124 0.0000
0.4 0.064 | 0.0733167 0.0733167 0.00931668 0.00931668 0.0000
0.5 0.125 0.145453 0.145453 0.0204526 0.0204526 0.0000
0.6 | 0.216 0.253676 0.253676 0.0376764 0.0376764 0.0000
0.7 0.343 0.404219 0.404219 0.0612187 0.0612187 0.0000
0.8 0.512 0.602354 0.602354 0.0903537 0.0903537 0.0000
0.9 0.729 0.85238 0.85238 0.12338 0.12338 0.0000
1.0 | 1.000 1.1577 1.1577 0.157698 0.157698 0.0000

Bt .

6 :'ﬁ

4 V. Exact

z / Picard

. _— .,__-:" |
-2 f#:* ~1 9l 1 2 ADM
[ .-*J -4
I —EI- [

Figure 4: The exact solution y = 2% and the PIM for yi, s, ¥, . .

Zi:o Yn ().

4 CONCLUSIONS

., ADM solution y =

This study examines the convergence of the Picard iteration method for second-order
nonlinear differential equations in both regular and singular cases. The results indi-
cate that the method provides consistent approximations in regular problems, while its
convergence rate may vary in the presence of singular coefficients. A comparison with
the Adomian Decomposition Method and exact solutions confirms the reliability of the
obtained approximations. Overall, the findings clarify the behavior of Picard-type itera-
tions and supports their use in nonlinear modeling problems involving different coefficient
structures.

14
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